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Abstract

The quadrature method of moments (QMOM), a promising new tool for aerosol
dynamics simulation is extended to generally-mixed multicomponent particle
populations. This paper develops the mathematical and statistical foundation for a fully
multivariate extension of the QMOM using principal components analysis (PCA). In
essence, the full particle distribution function is systematically replaced by a set of lower-
order mixed moments and corresponding multivariate quadrature points optimally
assigned through PCA and back projection. The resulting PCA-QMOM is illustrated for
a multivariate normal particle population in order to compare quadrature point
assignments with analytic results, but the method is applicable to arbitrary distributions.
Physical and optical properties can be reliably estimated by summation over the PCA-
assigned quadrature points. Application of the PCA-QMOM to the dynamics of
generally-mixed particle populations evolving under condensation, coagulation, and
sintering is described in a following report (Part I1).
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1 Introduction:

The method of moments (MOM) has been developed in recent years into a powerful and
efficient simulation tool that is now a viable alternative to sectional and modal methods for
representing aerosol microphysical processes in atmospheric models (Wright et al., 2000; Wright
et al., 2001; Yu et al., 2003). Operationally, the MOM is a method for direct tracking of the
lower-order moments of a particle distribution function (pdf) rather than the distribution itself.
This reduction in number of variables contributes much to the computational efficiency of the
method while offering unique advantages for engineering applications requiring simulation of
particle populations under conditions that can include new particle formation, evaporation,
growth by condensation and coagulation, and complex mixing flows (Hulburt and Katz, 1964,
McGraw and Saunders, 1984, Pratsinis, 1988; Jurcik and Brock, 1993; LaViolette et al., 1996;
Yu et al., 2003). Closure of the moment evolution equations, which has always been a key issue
with the MOM, has been achieved for general particle growth laws by combining the MOM with
guadrature methods resulting in the quadrature method of moments (QMOM) (McGraw, 1997;
Barrett and Webb, 1998). In addition to achieving closure, the QMOM, by exploiting a
fundamental mathematical connection between moments and quadrature abscissas and weights
(Press and Teukolsky, 1990), yields a systematic and accurate prescription for reliable
estimation of the physical and optical properties of a particle population directly from its lower-
order moments (McGraw et al., 1995; Wright, 2000; Rosner et al., 2003). Recently the QMOM
has been extended to model the chemically-resolved dynamics of multicomponent internally-
mixed aerosols (McGraw and Wright, 2003) (the assumption of internal mixing reduces the

problem to a univariate one for which the composition of a particle is determined from its mass).



With a few mostly bivariate exceptions (e.g., Strom et al., 1992; Xiong and Pratsinis,
1993; Wright et al., 2001), particle distribution functions (pdfs) have generally been
approximated using only a single (univariate) particle coordinate, such as radius or mass. On the
other hand, there is a growing need for reliable multivariate pdf models in such diverse fields as
combustion, nano-particle synthesis and assessment of radiative and health effects of
atmospheric aerosols and their impact on climate. This is driven, in part, by new advances in
the technology for particle measurement. For example, field-deployable, single-particle mass
spectroscopic techniques now furnish the composition of multicomponent aerosols in real time
and on a particle-by-particle basis (Murphy and Thomson, 1995; Suess and Prather, 1999).
Multicomponent thermodynamic models (Clegg et al., 1998), capable of estimating the phase
stability and evaporation rates of mixed particles, provide yet another driver for development of
a multivariate aerosol model as such detailed information is underutilized in a univariate
description. The analysis of single-particle measurements has spurred the development of
sophisticated software tools for multivariate data visualization, analysis, and compression (Imre,
2003). The need for efficient microphysical-based simulations that can be run in real time and
compared with these new kinds of measurements has, in turn, motivated our development of the
present multivariate, statistically-based aerosol model. Interestingly, some the methods
developed below for simulation (Sec. 2.2) are better known historically for their applications to
data analysis and compression.

The great efficiency of moment methods makes them ideal candidates for multivariate
applications. The following sections develop the mathematical foundation for a fully
multivariate extension of the QMOM using principal components analysis (PCA). The resulting

PCA-QMOM is illustrated in Sec. 3 for a multivariate normal particle population in order to



compare various quadrature point assignments with analytic results, but the method is by no
means limited to this case. In Sec. 4 we describe how to estimate physical and optical properties
of the particle population, and obtain closure of the moment evolution equations, directly from
the mixed moments tracked in a simulation. Application of the PCA-QMOM to the simulation
of generally-mixed aerosols evolving under condensation and coagulation is described in the
following paper (Part Il).
2 Mathematical Approach

In this paper we treat generally-mixed, multivariate particle distribution functions
(pdfs), for which internally-mixed and externally-mixed particle populations are special
limiting cases. For definiteness, examples of the pdfs will be drawn mostly from the
composition space of a multicomponent, but otherwise uniform-particle aerosol (i.e. an
aerosol consisting of a distribution spherical particles with homogeneous mixing within
each particle). The description of particles of mixed size and shape is presented in Part
Il.
2.1 Multivariate distribution functions, moments, and quadrature approximations

for generally-mixed particle populations

Consider the multivariate pdf for particle numbé&¢m,, m,,....,m,) whereh is the
number of components. This distribution function gives the number of particles per unit
volume having component massesbetweenm, and m, +dm,, etc. Note that
f(m,m,,....,m) is still not the most general description possible because it assumes that
each particle is homogeneously mixed. (For example, a homogeneously mixed particle
and a "core-mantle" particle each having the same overall composition would not be

distinguished in this representation; although they could be distinguished by the methods



to be described if additional variables were introduced.) For ease of presentation we will
limit discussion to distributions of the typgm,,m,,....,m,) whose treatment, while not
the most general case possible, requires a considerable advance in the representation of
multivariate particle populations.

The total mass distribution, giving the total mass of particles per unit volume
having m, betweenm, andm, + dm,, etc. is:

q(m, Mmy,...,m,) = (M, + m,+,...,+m, ) f(m, m,,..., m,) (2.1)

For internal mixtures these multivariate distributions reduce to univariate fofms
and q(m) dependent only on the total particle masss m +m, +... + m, (McGraw
and Wright, 2003). Other distribution functions are also obtainable from the full
distribution, for example, the marginal distributions of the multivariate number

distribution are defined as:
fu(m) = [ f(m,m,...,m,)dm,dm,...dm, (2.2)

etc.

Multivariate mixed moments of the number distribution are defined as:
Hi..w E<mfm'zm:v>f :J’mfm'z---”ﬁvf(mumz’---,m])dmldmz---qu (2.3)
where we will used the simplified notation, with momepgs ,, in cases where no

ambiguity can arise, and the more complete angular bracket notation otherwise. Thus the

total mass of all the particles per unit volume is:

M= (m) @4



which is also equal to the zeroth moment of the internal mixture mass distrilg(ton,
and to the first mass moment of the internal mixture number distribut{on).

Moments suitable for comparison with the massrioments of an internal mixture can
be calculated as combinations of the general mixed moments of multivariate

distributions. Thus thkth mass moment of (m) is:

((my+m, +..+m)). :Imkf(m)dm, (2.5)
where the left hand side is a linear combination of multivariate mixed moments whose

coefficients are defined by the expansion. Similarly we can define-thements of the

individual species distributions of an internal mixtayém) = m f(m):

g (mydm = ((m +m, +...+m)m), (2.6)
where the right hand side is a linear combination of mixed moments of the type defined
by Eg. 2.3. Thus any of the moments arising in the treatment of internal mixtures can be
obtained in terms of the more general mixed moments. In an external mixture,

f(m,m,,...,m) simply decomposes into a sum of non-interacting particle populations.

These can themselves be multivariate, but are usually taken to be univariate for ease of
simulation. Accordingly, there is no need here to further examine the external mixing
case. Indeed, the more interesting case that the pdf decomposes into a set of multivariate
populations thatlo interact is handled using the PCA-QMOM in Part Il.

Considem-point quadrature approximations to some of the multi-dimensional
integrals given above - other cases follow in similar fashion. The quadrature points (to

illustrate for the bivariate case) are of the fdm,,m,;,w;} for j =1toN. We will use

a subscript to label species and subscriptand sometimels, to label quadrature



points. The weight of thgh quadrature point is/;. The quadrature approximation to

Eg. 2.3 is:

N
Hg.w = Zmﬁmlz]mr‘?;wj (2.7)
S

J

In similar fashion, the quadrature approximation to Eq. 2.6 is:
k A k
(), =3 mmiw, (2.8)
J:

wherem, =m; +m,; +...+m, is total mass for quadrature pojntWe are especially

interested in assignments of the quadrature points for which, for certain moments, the
approximate equalities of Egs. 2.7 and 2.8 become exact.

The key to the QMOM is the mathematical method that allows optimal
assignment of the quadrature points when only the moments of the pdf are known.
Mathematical techniques for assigning quadrature points in higher dimension, although
the subject of a number of articles and monographs (see for example Engels, 1980), are
not as developed as in the univariate case; especially in cases where only the lower-order
moments of the weight functions (i.e. the pdf's) are known. Quadrature points were
assigned in a bivariate extension of the QMOM by inverting different sets of 9 mixed-
moments, to obtain corresponding sets of 3 quadrature points in the plane and,
alternatively, by inverting 36 mixed-moments, using a nonlinear search algorithm, to
obtain 12 points (Wright et al., 2001). A variant of the 3-point quadrature assignment
was recently applied to the simulation of coagulating and sintering nanoparticles in
flames (Rosner and Pyykonen, 2002). These assignments, although accurate and

resulting in simulation times that are orders of magnitude faster than a full 2D sectional



approach, can still be computationally intensive when a nonlinear search is required and
are not readily extendable to higher dimensions. The remaining parts of this section
introduce a systematic and highly efficient approach to the assignment of quadrature

points in higher dimension.
2.2 Principal Components Analysis (PCA)

Principal components analysis (PCA) is a statistical method in which the lower-order
mixed moments, forming the elements of the covariance matrix, are utilized for the
characterization and analysis of multivariate data (Johnson and Wichern, 1992;
Diamantaras and Kung, 1996). The covariance matrix is constructed as follows: suppose

a multivariate particle population characterized byrthemnalizedpdf, or probability
density function, f(xl,xz,...,xh) where x; can refer to the mass of spedieas above, or

to some other variable. The covariance matfixs a symmetrich x h matrix having

elements:

3, = cov(X;,X;) E<><ixj>f —<xi>f<x].>f (2.9)
where the quantities on the right hand side are lower-order mixed moments in the
notation of Eq. 2.3. PCA approaches the interpretation of the variance-covariance
structure of f(xl,xz,...,xh) by forming linear combinations of the original variablgs,

The principal components are those linear combinations having coefficients given by the

elements of the eigenvectoig,, of 2. The eigenvectors form the columns of an

orthogonal matrix(, that transforms. to diagonal form (Johnson and Wichern, 1992):

G'sG=D. (2.10)



G' is the transpose @. D is a diagonal matrix containing as its elements the non-

negative eigenvalues &f ordered according to decreasing sige A, 2...2 A, 20.
Following this ordering, thg" column ofG, which we denote by the vectgy, is the
normalized eigenvector & corresponding to the eigenvalde (2g; = A,g;). Thus the

j™ principal component is:

Yy, = Gljx1 + szx2 +..+ Ghjxh
with variance<yj2> —<yi>2 =A,. G is the element located in tittrow andi™ column

of G. The principal coordinates are uncorrelate¢@gy,,y;) =D; =0 for i # j.

Figures 1 and 2 show a collection of 1000 pts (small points in the figure) sampled

from a bivariate distribution?(xl,xz) in the original coordinate§;, X,;) and in the

principal coordinates(yy,Y,): Yy = Gy (X; = <X1>) + G, (% — <X2>),
Yo = Gy (X = (X)) + G, (X, —(X,)) centered on the mean. In centered coordinates
where each point is represented by a vector from the originjidndates the mean,
these equations may be written more compactlyas G(X — 1). (Assignment of the
guadrature points is discussed in the following subsection). As expected from the
eigenvalue ordering described above, the largest variance occurs for the first principal
componenty,.

From the lower-order mixed-moments, alone, PCA provides a technique for
extracting those uncorrelated linear combinations of the original coordinates that best
characterize the variability of the pdf. Furthermore, significant data compression can

often result upon replacing the originlddimensional, representation with a reduded,



dimensional, one using just the fiksprincipal components. The latter property of PCA
can be especially useful when the original dimensionality is ldnge>() and has been
widely utilized in signal and image data compression (Diamantaras and Kung, 1996).
For the present study, PCA finds its most valuable application in the assignment of
guadrature points. This is described in the following subsection. The compression
features of PCA are further illustrated in Part II.

2.3 Application of PCA to the assignment of quadrature points in the multivariate
QMOM

We begin with a brief summary of the correspondence between moments and
guadrature abscissas and weights in the univariate case of one coordinate dimension
(McGraw, 1997; Wright et al., 2000). These results are subsequently used to assign
guadrature points ih dimensions fronl univariate moment sequences; each sequence
consisting of moments of the pdf projected onto one of fxencipal axes. Although
the pdf itself is unknown, the moments from pdf projection onto an arbitrary axis are
obtained as linear combinations of the mixed-moments whose evolution is tracked in the
original coordinate frame. The mixed moments are shown to transform as tensor
elements under a rotation of the coordinate frame.

A special form of 2-point quadrature (with equal weights) suffices to recover the

first three integral momenf{y,, 1, 1.} . These have coordinates

{0t { %o, W} } =
{{m /1o - \5112/110 - (Hl/llo)z ,0.5u0} iy / o + @Hz/ﬂo - (“1“10)2 ,0.50}}

(2.11)

having the property that, = x,*w, + x,*w, for k =0,1,2. Removal of the restriction of

equal weights results in general 2-point and 3-point quadratures with recovery of the first



four integral moment$y,, 1, 4,, 4o} and first six integral moments
{1, 1y Uy, Us, 1y, s}, TESPECtively. Algorithms for obtaining genemgboint quadratures

from moment sequences have been developed (McGraw, 1997). An especially efficient
approach utilizes the subroutine ORTHOG friomerical Recipesand can be applied

to ordinary moment sequences, provigad not too large, as well as to "modified
moments"”, which are linear combinations of the ordinary moments (Press et al., 1992).
For example, ORTHOG has proven to be a highly efficient and robust algorithm for
obtaining general 3-point quadratures from 6-moment sequences in simulations of
atmospheric aerosols by the QMOM (Wright et al., 2000, Yu et al., 2003).

Without loss of generality, it is often more convenient to obtain quadrature point
representations for normalized pdf's centered on the origin. Quadrature points for
unnormalized-uncentered pdfs are trivially recovered by multiplying the normalize
weights by particle number density and translating the centered abscissas to the true

coordinate means. In terms of the normalized and centered moagnts,

e = [ (x = {x)*F (ax
where [i, =1 and [, =0, Eq. 2.11 simplifies to{{%,, W} ,{X,,W,} } =
{{—V’[TZ,O.S} ,{@,O.S}}. The centered moments are computed in terms of same-order
and lower-order moments of the uncentered pdf. Thuss u, — (7,
[, = py — 3, + 24, etc. wherey, =1. Similar expansions are readily carried out for
multivariate mixed moments. Thus, for examgle, = 1, — (Hy,)°, Ly = My — MyoMess

etc., with i, =1, showing that the covariance matrix elements (Eq. 2.9) are centered

mixed moments.

10



2.3.1 Back projection

Our assignment of quadrature points in higher dimension makes use of the
method of back projection and is similar to image construction from back projected
densities in tomography. The approach is illustrated in Figs. 1 and 2 for the assignment
of quadrature points in the bivariate plane. In Fig. 1 the PCA method isn't used; instead
the test pdf,f(x;,x,), is simply projected onto the original coordinate axes to obtain the
corresponding marginal distributiorfyx,) and f,(x,). In fact, it is the moments of
these marginal distributions, and not the distributions themselves, that we require. These
are, for f,(x,), {Hoo Hio Haos Maor Hags Hsos---} @Nd for £,(x;), {Hoos Hots Hozs Hogs Moss s -} -
Thus for projections along the original coordinate axes, the projected moments are simply
subsets of the bivariate mixed momentsf@x,,x,). Inversion of thex, moments gives
quadrature points along the axes{x,,w,} for k=1 ton and similarly for inversion of
the x, moments to obtaifix, ,w,} forl =1 tom. The positions of these points for the

3-moment inversionsty,, Lo, Moot aNA{ Loy, Hogs Hoot » from Eq. 2.11, are indicated in

Fig. 1 by the intersection points of the horizontal and vertical hairlines with the
coordinate axes. Back projection refers simply to running these projected-distribution
guadrature points, which lie on the axes, orthogonally back through the coordinate space
to obtain a set of quadrature points in the bivariate plane with abscissas located at the
intersections of the back projection lines. These arblthemquadrature points

{ Xy X Wy W, } for k=1 ton andl =1 tom, with obvious extensions to three and higher

dimensions. Note that assigning the bivariate quadrature weights as products of the

univariate weights correctly preserves normalization. In the simple case that the

11



projected distributions are represented using normalized 2-point quadi@aras= 2),

with w;, =w,, =w,, =w,, =0.5, the four points resulting from back projection (open
circles) have equal weights of 0.25. The filled circles result on back projection following
the calculation of general 3-point quadratures along each coordinate axes using the
projected distribution momen{ly,, Lo, oo, Mz, Hag» Hso} @NAY{ Lo Moy s Hop Hogs Hos» Mos}

in the construction. The resulting nine quadrature points will in general have non-equal
weights.

Although Fig. 1 illustrates the method of back projection for assigning quadrature
points in higher dimensions, it is clear, even from visual inspection, that this particular
assignment, projecting onto the original coordinate axes, is far from optimal. Significant
weights appear in regions where the pdf density is low, and the distribution of quadrature
points is not at all matched in shape to the pdf. Indeed the only positive feature of this
assignment is that the resulting quadrature points correctly reproduce the moments used
in the back projection construction itself. In genewsaly these moments will be
correctly reproduced. The optimal assignment results on back projection from the
principal axes(y,,Y,), Fig. 2, as we now show. For this construction we first require the
centered moments from pdf projections along each gbrineipal axes. Once these
have been obtained, location of the quadrature points along each axes, required for the
back projection, follows as in any univariate moment inversion (see above). Thus we
focus here on obtaining the projected pdf moments in the principal coordinate frame.
2.3.2 Rotation of multivariate mixed moments to the principal coordinate frame

Inspection of Eq. 2.3 shows the multivariate mixed moments to involve centered

coordinate products in a way that suggests their transformation as tensor elements under

12



axes rotation. This is indeed the case and it is readily shown that centered moments of
orders, wheres=k +1 +---+w is the sum of the indices appearing in Eq. 2.3, transform
into each other as th& elements of a symmetric tensdr, of ranks. For second order

moments, these are the elements of the covariance majrixX; = [, .

Transformation to the principal frame is described by the m@tiok Eq. 2.10:

T, = Z ZeimG i (2.12a)

and T has the same elements as the diagonal nfatri®imilarly, the third order

moments transform as the elements of the third rank tensor:

Trlmo = Iz Z Z GimGjnGkoTijk (212b)

and so on for higher order moments and higher rank tensors. For a bivariate problem, Eq.
2.12b describes the transformation23f= 8 tensor elements. These are identified with

the moments by a patterm,, = [y, Ty, = Ty = Toug = Moy Tipp = Topp = T = [y, @Nd

T,,, = iy that is easily extended to thevariate case (in which case the tensor indices

will vary from 1 toh). The transformed moments are
o = [ 1Y Tocalyh, o) cyscl, (2.13)
where fpc;\ is the transformed version df. Specifically, Eqg. 2.12b is a recipe for

calculating the third-order moments of pdf projections onto the principal axes. Two of
these, [, = T,,, and [i,, = T,,,, are required when general 2-point and higher-order

guadratures are used.
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2.3.3 Assignment of quadrature points through back projection in the principal frame
Figure 2 shows the distribution of quadrature points in the principal frame. The
open circles are the four points obtained from 3-moment inversions with the primed
moment Sets| Ly, i, oot ANA{ oy, Hoy» Loy} - BECAUSELL,, =1, and [i,, = [1, =0, Eq.
2.11 simplifies to give the quadrature poiy}s- J_r,J)Tl; Yy, = iv‘“)\j, located along the
principal axes, with weights of 1/2 where theare eigenvalues of the covariance matrix.
After back projection we obtain the four points shown in the figure with coordinates
{J_r\/}Tl,iNf’/Tz} in the principal frame and identical weights of 1/4. If we limit the
calculations to inversion of the first three integral moments along each axes, this pattern
persists to higher dimensions - so fodimensions the coordinates of tAtquadrature

points in the principal frame are:

{£ AL A, 02 A} (2.14)

with identical weights o2™. The filled circles of Fig. 2 show the location of nine
guadrature points obtained from general 3-point quadratures along each principal axes by
applying ORTHO to the projected primed moment seqUENEESLL, Loy, Hays Flio» Mo
and{ sy, Hoy, Hops Flogs Hlos» Host - These sequences are obtained from Egs. 2.12 and their
extension to fourth- and fifth-rank tensor transformations for the corresponding order
moments. The nine quadrature points (filled circles) with unequal weights result after
back projection.

To investigate which moments are correctly reproduced from these points, we
need one additional property inherent to the assignment of quadrature points through

back projection. This is moment factorization. To illustrate for the bivariate case:

14



O]
Hy yl. Y2J § Y1| hi @ y|2jW2j E: HioHo (2.15)
T

where the prime superscripts have been omitted because the factorization of Eq. 2.15
applies to whichever frame was used for back projection and does not depend on being in
the principal frame. The first equality follows from the use of back projected abscissas
and weights. Such factorization of the moments indeed occurs when the pdf itself
factors, for example, again for the bivariate cagg,,y,) = f,(y;) f,(y,). If such

factorization of the pdf occurs, as it does for a multivariate normal distribution (Sec. 3), it
will occur in the principal frame, and all combinations of lower-order mixed moments

will be given correctly by Eq. 2.15. For example, for the 9-point quadrature of Fig. 2 all

36 bivariate moments of the forp, for k,1 =0 through 5 will be exactly reproduced.

Note from the tensor transformation equations (Eqgs. 2.12) that if a full set of moments of
ordersis determined in one frame, the set is determined in all rotated frames. Thus the
21 bivariate moments of orders 0 through 5 are exactly determined by the 9-point
guadrature of Fig. 2, iaveryrotated frame, if the pdf is factorable in the principal frame.
Finally, whether the pdf is factorable of not, the full set of second order moments, which
comprise the elements of the covariance matrix, are correctly described by either the
four-point or the nine-point quadratures of Fig. 2. We have already seen that the diagonal
elements are given correctly. For the off diagonal elements in the principal frame

[, = [k, =0, as the first equality is assured by Eq. 2.15. Thus, whether the pdf

factors or not, the PCA quadrature construction exactly reproduces the full set of second
order moments (diagonal and off-diagonal) in the principal frame and, therefore, in all

rotated frames (of course this exactness is preserved on translation and normalization of

15



the quadrature points as well as on rotation). The trend continues with increasing number
of components and th2" quadrature points from even the simplest, 3 moments per
coordinate, construction (Eq. 2.14) recover all elements enterirtyxthecovariance

matrix of anh-variate problem, as well as the first- and zeroth-order moments

representing pdf location and normalization. For example, the four quadrature points of
Fig. 2 (open circles) give correctly the two variances and covariance of the bivariate pdf
when projected onto the axes of any rotated frame. These efficacious properties
demonstrate that the combination of PCA and back projection results in an optimized
assignment of quadrature points for use in the multivariate QMOM.

In this section we have shown how to assign quadrature points using the PCA
transformation to obtain a set of abscissas, illustrating for the bivariatq gase,} and
weightsw, w,, for k=1 ton andl=1 tom. It is sometimes convenient to relabel these
points using a single index in a one-to-one but otherwise arbitrary maggig< {j}).

For example, withj = m(k —1) +1, all points will be represented ptakes on integral
values from 1 team Thus the quadrature points in the principal frame may be

represented by the vectoys having component§y,;,y,;} and weightsw, =w, W,
wherej corresponds to the{l} pair in the mapping. In Sec. 2.2 we obtained the relation
y. = G(X — ) for transforming points to the PCA coordinates. The inverse of this linear

relation transfers the quadrature points generated in the principal frame back to the

original frame where they will be used:

X =Gy +[i (2.16)

16



where the components @f are given in terms of the normalized first-order moments, for
example{,,, Uy} in the bivariate case. The weights are, of course, unchanged during

this transformation.

The present assignment yields quadrature points that are in one-to-one
correspondence with a set of moments, but unlike previous applications of the QMOM in
one and two dimensions, the present assignment is not free of additional constraints on
the points. For example, with the otherwise unconstrained bivariate assignment of
Wright et al., (2001), 3 quadrature points are in correspondence with 9 moments, 12
points with 36 moments, etc. Thus the number of quadrature points is minimized, but the
inversion of the moment set to get these points can be ill-determined, or at best difficult
to carry out. With the PCA assignment, on the other hand, 4 quadrature points,
constrained to have equal weights and lie on the corners of a rectangle, are in one-to-one
correspondence with only 6 moments (1 for normalization, 2 for location of the mean,
and 3 for the elements of the covariance matrix). This flexibility to include additional
constraints and still have a well defined mapping is very useful feature of the QMOM.
The fewer number of moments reproduced in the PCA-QMOM is more than
compensated for by the computational ease with which the quadrature abscissas and
weights can be assigned. In Part Il we show how to update the moments in an aerosol
dynamics simulation using quadrature points in the original coordinate frame.

3 lllustrative Calculations for a Multivariate Normal Population

Implementation of the PCA QMOM is especially transparent when the pdf is a

multivariate normal (Gaussian) distribution. Real aerosol populations often approximate

normal distributions after an appropriate coordinate transformation, the best known

17



example being the log-normal distribution, which is normat #log(m). Such
coordinate transformations are examined in Part Il. Here we analyze the case that the
distribution is already normal for the insight that such an analysis provides into the
workings of the PCA-QMOM.
The multivariate normal distribution has the form (Feller, 1971):
F(X X X,) = ¥ €XP[—(X)] (3.1a)

where y™ normalizes the distributior§ = (x;,X,,..., X,) iS now a row vector, and

q(x) = iq” XX, = QX" (3.1b)

hE!
The normal density centered gt= (u,, l,,-.., 1) is given by f (X — t1). The coefficient
matrix Q is the inverse of the covariance matEixintroduced in Sec. 2 =>™, and

the normalization constant is determined by the equatydre (2m)" | = | where| 2 | =

| Q[ is the determinant of (Feller, 1971). The transformation to principal coordinates
also transforms Eq. 3.1b to a sum of square terms and factors EqQDB™1aG QG

whereG is as in Eq. 2.10 anD™ is the inverse oD. Thus the left hand side of Eq.3.1a

factors in the principal frame into a product of 1D normal distributions:

foca(Yir Yoreen Yi) = (V) £(¥,) - Fi(Wh) (3.2a)
where
1 O y?0
f(Y) = ——=—expr - (3.2b)
\ 2, 0240

consistent with the normalization of Eq. 3.1.
Assignment of quadrature points by back projection is the required choice for a

factorable pdf, even when the factors are non-Gaussian distributions. Consider, for
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example, the quadrature approximation to bivariate integrals over a known kernel
function ¢(y,,Y,):
[0 Y2 Foca 05 Yo A, = [ Y20 ¥2) ) Fa (5 )iy = [ £, 90 ¥e) oY) b
[
= I fl(yl)ﬁz WY1 Yo )Wy, %jyl = Z Z A Yarer Yor )Wy Wy, = z AYaj» Yo, )W,
) ]
(3.3)
Here the assignment of quadrature abscissas and weights is identical to that of the back
projection method of Sec. 2, but emerges naturally as the direct product of 1D

quadratures due to the factorizationfgf,(y,,Y,). The first equality results from

factorization of the pdf. The third and fourth approximate equalities apply 1D quadrature
to the principal coordinateg, and y,, respectively. The last equality simply relabels the
guadrature points using a single indék It — {j}) as in Sec. 2. The weight of tfth
quadrature point is, as in back projection, givemby= w,, w,, wherej corresponds to

the {k,I} pair in the mapping and varies from 1 to the total number of quadrature points

N. Higher-order quadrature abscissas and weights for the standard weigh function of Eq.

3.2b are available in tabulated form (Abramowitz and Stegun, 1972), ORTHOG is not

required. For 2-point quadrature, =w, =1/2 andy, = —/A;, y,, = +./A, just as with
h

the equal-weight 2-point quadratures of Sec. 2. In general there vNII:bF' N,
1=1

quadrature points ih dimensions withN, -point quadrature along principal coordinate

Principal components analysis is based on the covariance matrix and does not
require that the pdf be factorable or have multivariate normal form. On the other hand,

the application of PCA to multivariate normal distributions reproduces a greater number
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of moments because of the factorization, as described in Sec. 2, and yields contours of
constant pdf density directly from the moments. The contours of constant density for an
h-dimensional multivariate normal distribution are the ellipsoids defined by the quadratic
form:

(x=@ZH(x—p)" =¢c (3.5)

1/2

These ellipsoids are centerediat (u,, U,,..., 4,) and have axescA,”“g; in the notation

of Sec. 2. Figure 2 shows the disposition of ellipsoidssf@f. standard deviation) and

20 (2 standard deviations) obtained from Eq. 3.5Her2 andc=1 andc =2,

respectively. Thdo ellipsoid is inscribed in the rectangle having as its corners the
abscissas from the 4-point quadrature scheme. The trend continues to higher dimension.
For example, in 3 dimensions there are eight quadrature points having identical weights
(w, =1/8) and coordinatet /A, +,/A,,+,/A,} located at the corners of a rectangular
parallelepiped into which is inscribed tieellipsoidal surface from Eq. 3.5 foe3 and

c=1.

It is important to emphasize that all of the quantities introduced in this section,
apart from the full pdf itself, were obtainable using only lower-order moments up to and
including the second-order moments of the covariance matrix. These include the
principal coordinates, principal values, which are the variances in the principal frame,
quadrature points fo2"-point quadrature, and ellipsoidal probability surfaces for
estimating the shape and breadth of the distribution. Together these moment-derived

guantities furnish considerable information about the pdf, and a direct route to the
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estimation of its physical and optical properties represented as integrals over a known
kernel function as in Eq. 3.3.
4. Physical and optical properties and closure of the moment evolution equations

Thus far we have focused on the assignment of quadrature points and not on their
use in the QMOM -- estimation of aerosol properties and moment evolution. Both

applications require the estimation of integrals of the type:
N
L= AR F(R)AR= S @K % 00ee Xy JW, (4.1)
=1

where the kernegaX) is known. This may represent an optical kernel, such as an
extinction coefficient, or a dynamical kernel for a microphysical process (e.g.
sedimentation, condensation growth, cloud activation, etc.) governing aerosol evolution.
In the latter case the quadrature approximation becomes the right hand side of a linear
differential equation describing moment evolution. The fact that the evolved moments
can then be inverted to give updated quadrature points, by the methods described in Sec.
2, completes the closure cycle for moment evolution (McGraw, 1997). Closure methods
are illustrated for multivariate condensation and coagulation kernels in Part II.
Quadrature approximations work best where the kernel is smooth and well
approximated by polynomial forms. In the univariate case it is known that the
guadrature approximation of Eq. 4.1 is exactNguoint quadrature for kernels of
polynomial degree less than or equal B2 ¢(x) = a+bx +cx® +... + ex* ™ with
arbitrary coefficients. Physically realistic kernels can usually be fit well"bgrSler
polynomials, and the corresponding 3-point quadratures have proven highly accurate

(McGraw et al., 1995; McGraw and Wright, 2003). [However, see (Wright et al., 2002)
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for some exceptionally non-smooth kernels requiring special treatment.] For the
multivariate case, the number of mixed moments that are exactly reproduced increases
rapidly with number of quadrature points and with dimension. Consider, for example, the

2"-point quadrature of Eq. 2.14. This will be exact for gené(a) when the kernel is

of the form:

h

ic”. X X; - (4.2)

h
PxX)=a+ ;nxi + 2.2
This expression contairis+ h+ h(h+1)/2 = (h* + 3h + 2)/ 2 distinct terms

corresponding to the number of distinct mixed integral moments that will be exactly
reproduced by th@"quadrature points of Eq. 2.14 (these include all of the moments

entering into the covariance matrix). In the special case that the pdf factors:

f(X) = f,(x) f,(x,) x---x . (x,), the number of moments exactly reproduced increases to
3" (these are the factorable momepts . = g X Hojo.. X Hogy.. X - fOri,j, K, ... =0

to 2). If, in addition to factorization, the factors are symmetric about their mean values,
as is the case with the multivariate normal distribution, for example, the number of
moments exactly reproduced increaseshtté/,lijk,,_ = Hio... X Hojo... X Hopy... X - fOri, j, k,

... =0to 3). This last result derives form the fact that the (centered) third moments
along each coordinate vanish for a symmetric distribution, and thus are also reproduced
exactly by the equal-weight 2-point quadratures along each coordinate (i. e. equal-weight
2-point quadrature is equivalent to general 2-point quadrature for the symmetric

distribution case).
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5. Summary

A new method has been developed for extending the moment-based
representation of aerosols to multivariate particle populations. In essence, the full
particle distribution function has been replaced by a set of lower-order mixed moments
and corresponding quadrature points assigned through principal components analysis and
back projection. The assignment of quadrature points is central to the QMOM, which has
been extended here using PCA to the multivariate domain. For calculations, the
guadrature abscissas can be viewed as surrogate particle compositions, with weights
given by the quadrature weights, optimally assigned through PCA. Aerosol physical and
optical properties, usually calculated by numerical integration over a known kernel
function, provided the full pdf is known, or by summation over a large number of
measured single-particle compositions, can now be estimated reliably and accurately as a
summation over a small number of PCA-assigned quadrature points derived from
moments. For example, multivariate kernels of the kind given in Eq. 4.1, arise naturally
in multicomponent thermodynamic models of vapor-particle exchange (Clegg et al.,
1998; Capaldo et al., 2000), and their evaluation is often the time-limiting step in aerosol
models. With the PCA-QMOM the number of calls to the thermodynamic module is
minimized as the rates of vapor-particle exchange are required only at those few particle
compositions specified by the quadrature points.

The steps for locating multivariate quadrature points from moments using PCA
can be summarized as follows: (1) Setup the covariance matrognsisting of the
centered moments of second order in the original coordinates, and solve the eigenvalue

problem associated with this matrix to obtain the ordered principal vi@ljeand the
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matrix G. (2) Obtain the quadrature points first along each principal axes. Note that
inspection of the principal values will help decide how many points to take. For

example, one might use 3-point quadrature algrand 2-point or even 1-point

guadratures along those remaining axes for which the variances are small. For higher-
order quadratures, one will need to carry more moments for computing the higher-order
projected moments using the tensor transformations of Egs. 2.12, and invert the resulting
projected moment sequences using ORTHOG. (3) Back project to obtain the abscissa
locations in higher dimension and form the product weights (c.f. Eq. 2.15 for the bivariate
case). For equal-weight 2-point quadratures along each axes, the location of the points is
given immediately by Eq. 2.14 and one can bypass steps 2-3. (4) Convert quadrature

points to original coordinates using Eq. 2.16.
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FIGURE CAPTIONS

Fig. 1. Assignment of quadrature points in the orginal coordinates frame: Figure shows
1000 points sampled from a biviarigtdf in the original state variableg, andx,. Open

circles: Quadrature points derived from moments {0,1,2} along each coordinate (these have
equal weights). Closed circles: Quadrature points derived from moments {0,1,2,3,4,5}

along each coordinate (these have differing weights).

Fig. 2. Assignment of quadrature points in the principal coordifgigs} frame: Sampled
points are the same as in Fig. 1. Open circles: Quadrature points derived from moments
{0,1,2} along each principal coordinate (these have equal weights). Closed circles:
Quadrature points derived from moments {0,1,2,3,4,5} along each principal coordinate
(these have differing weights). Ellipsoids #or(1 standard deviation) arb (2 standard

deviations) obtained from the covariance matrix, as described in Sec. 3, are also shown.
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