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Abstract

The quadrature method of moments (QMOM) is extended to generally-mixed
multicomponent particle populations using principal component analysis (PCA). The
resulting PCA-QMOM provides a versatile method for moment closure illustrated for
generally-mixed, multivariate, particle populations evolving under condensation,
coagulation, sintering, and simultaneous processes. The method is illustrated2ising a
point quadrature version of the PCA-QMOM, whhrie the number of coordinate
dimensions, developed in the preceding paper (Paper I). Calculations for multiple
particle populations interacting through coagulation are also presented. A theory is
developed for the time-dependence of the covariance matrix of a multicomponent particle
population evolving under a size-independent coagulation rate. It is found that the rank
of thehxh covariance matrix, fan components, approaches unity at long time as the
particle population evolves to an internally-mixed, self-preserving size distribution state.
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1. Introduction

In addition to particle mass loading, the chemical and physical properties of
aerosols are determined by particle number density, composition, shape, and size
distribution. In the atmosphere, particle number and composition control the indirect
effects that aerosols have on climate through their influence on cloud activation, drizzle
production, and cloud radiative properties (Twomey et al., 1984; Albrecht, 1989;
McGraw and Liu, 2003). Another example, again from the atmosphere, points to the
mixing state of black carbon aerosols as having a significant influence on radiative
forcing (Jacobson, 2001). The representation of such processes in models requires new
multivariate approaches to aerosol simulation, which on account of the large numbers of
variables involved will most likely have to be statistically based.

While particle populations of mixed shape and composition call for a multivariate
description, the extreme computational requirements of multivariate particle distribution
function (pdf) simulation have generally forced the use of zero dimensional (e.g.
modeling sulfate mass), or univariate (e.g. modeling the pdf using a single radial or mass
coordinate) approximations. Likewise, most treatments of multicomponent aerosols have
been limited to the special cases of externally-mixed or internally-mixed particle
populations. External mixtures are non-interacting particle populations, e.g. dust, sea
salt, and sulfate in the atmosphere - to the extent that these are non-interacting - amenable
to treatment using separate radius or mass coordinates for each population. Limited
interactions between such populations (e.g. the aggregation of sulfate with the other
particle types) have been accommodated within the univariate framework (Wright et al.,

2000), but the methods are not extendable to general mixtures. Internal mixtures,



characterized by the property that all particles of the same total mdssye the same
composition (Seinfeld and Pandis, 1998), are also amenable to a univariate treatment.
Here the component species distributions are each represented as functions of particle
mass. Sectional methods, which fractionate the pdf into discrete size classes, or sections,
are naturally suited to the representation of internal mixtures (see for example Meng et
al., 1998). Nevertheless, the computational demands are formidable, even for univariate
problems, if a high-resolution description of the size distribution, requiring a large

number of sections, is desired. Extensions of the modal (Wilk, 1998) and moment
(McGraw and Wright, 2003) methods to internal mixtures have also been developed.

A recent extension of sectional methods to include multiple size distributions can
in principle represent the intermediate (between internal and external) mixing states of
the aerosol (Jacobson, 2002). The aerosol is partitioned into multiple distributions that
are each characterized by their own sectional size coordinate. Coagulation, condensation,
nucleation, and reversible chemistry are allowed to take place among the distributions.
These results show the remarkable extent to which sectional methods can be developed
using high speed computers. Limitations include the large number of variables that must
be carried to represent the multiple size distributions. Additionally, only a sampling of
the full pdf is obtained. The composition coordinates of the multiple size distributions
must be assigned on a case-by-case basis prior to simulation, and these should be
representative of the full compositional-coordinate space of the aerosol. At present, the
assignment appears to require at least some degree of subjective model intervention.

In the previous paper (Part 1) the quadrature method of moments (QMOM) was

combined with principal component analysis (PCA) in a novel and very general way that



makes explicit the statistical foundation of moment methods. This was achieved by
combining quadrature with PCA, using PCA to assign the quadrature points in higher
dimension. The resulting PCA-QMOM is developed below to provide a computationally
efficient, statistically-based approach to multivariate aerosol dynamics simulation. The
new methods are illustrated through simulations requiring the representation of generally-
mixed, multivariate, particle populations. These include generally-mixed,
multicomponent and mixed-shape particle populations evolving under typical aerosol
microphysical processes including coagulation, sintering, and condensation growth.

2. Assignment of quadrature points by principal components analysis (PCA)

The multivariate mixed moments of brvariate particle distribution function,

f(m,m,,...m), are defined as

(mPmg...my), = [[-+-fmPmd.m'f (m, m, ..., m,)dmdm,...dm, (2.1)
Where{m} are the coordinates that characterize an individual particle, and
f(m,m,,...m) gives the number of number of particles per unit volume having
coordinatem betweenm andm +dm for alli. In most of the examples treated in this
paper,m will be the mass of speciepresent in a multicomponent aerosol particle. In

the bivariate model of Sec. 3.3, which describes nonspherical particles undergoing
coagulation and sinteringy, and m, represent particle volume and particle surface area,
respectively. PCA makes use of the probability density function, which is normalized to
unity. Thus we will also require the moments of the normalized distribution
f(ml,mz,...,mn) = f(m,m,,...m,)/ N, where N, is the total number of particles per unit

volume. These differ only by the factbfkN, from the moments of Eq. 2.1.



The calculations presented below are based on the most econ@hical,
guadrature point, version of the PCA-QMOM, which tracks mixed-moments through
second order, including the moments entering the covariance matrix. The present
description is limited to this case. Extensions of the method to higher quadrature point
densities, and correspondingly higher-order moments, is described in Paper |I.
Assignment of the" points requires the following moments: the normalization

(1), = No(1)7 = Ny; theh coordinate meangm); =(m) /N, for i =1 throughh; and

the h(h +1)/2 distinct elements of the symmettic< h covariance matrixx :

O (m); =(m)® (mmy); =(m)(m,), (mm,); - ml>f<w>fg

s :%mlmZ>f —(m)p(my); (), ~(my)? (mem, )z ={m) M) (2.2)
O : : : g~
%”l”\w>f'<”l>f<”%>f (mm,); =(my);(my); - <nﬁ>F_<mn>f2 %

Thus the total number of moments requiredish + h(h +1)/2 =(h* +3h +2)/2. For

specified values of these moments the assignment of quadrature points is straightforward,
requiring only that the eigenvectors and eigenvalues bé obtained. The eigenvectors,
which are necessary to transform between coordinate systems, form the columns of an
orthogonal matrixG, that transforms to diagonal form. Thu§'>G =D whereG’'

is the transpose d& andD = diag(A,) is the diagonal matrix containing as its elements

the eigenvalues af. These are nonnegative and ordered according decreasing size

A 2A,2 --:A, 20. The eigenvalues give the variances of the probability distribution

function in the principal coordinate frame. Thus the largest variance is along the



direction of the first principal coordinatg,: <y12> —~(y,)* =A,. The second largest
variance, alongy,, is given byA,, etc..
Having diagonalize® , the2" quadrature points are now trivial to assign in the

principal frame. The transformed and centered coordinates of the abscissas are simply:

{i\yx,i A, * i\/)\_h} . (2.3)

The weights are identical and equalf@N,. It is convenient to number the quadrature

points using a single index, which takes on values from 1 through For example, a
convenient mapping can be carried out by assigning-tegns in Eq. 2.3 according to
the pattern of O's and 1's in the binary representatign-df In practice, one is
interested only in the quadrature points in the original coordinate frame. Let the
components of the vectg; contain the centered principal coordinates of quadrature

point j, from Eq. 2.3, ank; the desired full coordinates (uncentered) for this same point

in the original frame. Then:
)_(j = GTyj +/__] (2.4)

where thé™ component ofii gives the corresponding normalized first-order moment:

(i) = <m>f I'N,. The quadrature weights (which sum to the total particle number density) are,

of course, unchanged by the transformation:= 27"N,.

The steps for locating multivariate quadrature points from moments usi2§-the
guadrature point version of the PCA-QMOM are summarized as follows: (1) Setup the
covariance matrixx , consisting of the normalized moments of second order in the original
coordinates, and solve the eigenvalue problem associated with this matrix to obtain the ordered

principal values{)\i} and the matrixG. (2) The location of the quadrature points in the
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principal frame is given immediately by Eqg. 2.3. Convert these to the original coordinates using

Eq. 2.4 and normalize tdl,. Equations 2.3 and 2.4 complete the assignment of quadrature

points from moments in this version of the PCA-QMOM.
3. Moment evolution
The assignment of quadrature points from moments by the PCA-QMOM having
been described, we complete closure by describing the method used to update the
moments in terms of the quadrature points so assigned. The procedure is basically the
same as in the original QMOM (McGraw, 1997; Barrett and Webb, 1998), but is
extended here to the multivariate applications that are the focus of the present study. To
illustrate, we consider below the mixed moments Jafnulticomponent aerosols evolving
under coagulation and condensation, andr{ixed-shape single-component particles
evolving under simultaneous coagulation and sintering. The same general methods apply
to other kinds aerosol microphysical processes requiring a multivariate description;
provided only that the rate kernels for these processes are known.
3.1 Multivariate condensation
Consider particle growth through the condensation/ evaporation of condensable

molecular species in multicomponent vapor. The following equation gives the evolution
of the mixed momen<[mfm§---m:”>f, for h component species, under condensation:

S (mpmg-my), =
q N g (3.1)

[ ff g (e - m) F(my,my,-- m,)dmydm, --dm, = ;a(m‘}nﬂwnﬁ{)w,- :
The first equality is derived in Paper | and the second gives the N-point quadrature

approximation, using a single indgxo number the points. Thus the coordinates



(my;,my;,---,m,) give the location of quadrature pojritaving weightw;. Evaluation of

the derivatives on the right hand side requires the growth rate law for each component
speciesi|. For example, the addition (loss) of specids (from) a particle having the

ternary compositiogm,,m,,---,m} can be represented quite generally as

dm _
dt

@(m,m,,---,m,). (3.2)
fori =1,2,...h. The right hand side of Eq. 3.2 gives a net rate that depends on both
condensation and evaporation fluxes, which in turn depend on the relative sizes of the
particle and the mean free path of the gas, and particle composition. In some cases
particle growth may to a good approximation depend only on radius, as with transport-
limited growth, but in other cases, of high importance to atmospheric aerosols,
composition-dependent thermodynamic models are necessary for improved prediction of
evaporation rates and gas-particle exchange (Clegg et al. 1998; Capaldo et al., 2000).
For these cases, the resulting growth laws take the more general multivariate form given
by the right hand side of Eg. 3.2 and their evaluation from the thermodynamic models
can become the most computationally expensive part of an aerosol simulation run. A
great advantage of the PCA-QMOM is its property that the pdf is optimally represented
by just a few quadrature points, so the number of evaluations of the right hand side of Eq.
3.2 required during a simulation (one for each point) is minimized.
3.2 Multivariate coagulation

The moment evolution equations for coagulation are developed here for a
trivariate (three component species) particle model to illustrate the method. The

extension to higher dimensions is straight forward. Consider the coagulation of two 3-

component particles to form a single particle of larger size:
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{rnl.’rTIZ’rTE}-i_{ml’mZ’mS}D {nt rn'l’nﬂg- m2’rr§- m3} (33)

For this event the change in the mom@nfmimy’) is

(my + )P (my + i, )% (my +n1)" —mPmfim,® —md P At (3.4)
Factoring in the frequency at which events of type 3.3 occur, which is proportional to the
product of the distribution functions for each particle, and using Eg. 3.4, we obtain:
%<m"rn§m§”>f =
e KM, 1) (m, + 1, )(m, -+, ~mPmym,Y =P ] x
f(m,m,,m) f(m,,m,,m,)dmdm,dm,dm, dni, dni,
(3.5)
The factor 1/2 corrects for counting each pair of particles twice. In writing the kernel this
way we have assumed that the coagulation rate depends only on the total masses of the
two particles and not on their composition:
K(mm) = K(m +m, +m,,ni, +r, +m ). (3.6)
The quadrature approximation to Eq. 3.5 is:
S {mpmem), =
%Z 2 KMy MOy + my )" (M +my ) (m -+ )™ =, P fmy ™ =m, P, fmy, 1w, w,
(3.7)
where the summation indices vary from 1 to the number of quadrature pbintee
coagulation kernel is often reported in terms of the particle vok(mgm,,...,m.),

which will in general have some dependence on the mixing state of the particle. For
example, a homogeneous particle might well have a different volume than one of

identical mass composition that is not homogeneously mixed. Here we assume that



individual particles are spherical and homogeneously mixed, so expressing the
coagulation kernel in terms of particle mass requires only an approximation for the
particle density to determine the specific fornKof The method is also capable of
handling more general kernels when their functional dependencies are known.
3.3 Simultaneous coagulation and sintering

Particles having identical composition but different shapes have been represented
by assigning a volume, and surface area, to each particle (Koch and Friedlander,
1990). Ther-a model has proven useful for the representation of particle aggregates
undergoing simultaneous coagulation and sintering in flames (Wright et al., 2001; Rosner
and Pyykonen, 2002; Rosner et al., 2003). Microphysical processes are represented
through the dynamical equations developed for evolving the bivariate number density

distribution function, f(v,a), whose mixed moments are:
(vPa?) = J’vaaqf(v, a)dvda. (3.8)

It is useful to summarize the moment evolution equations used wathsodel
(Wright et al., 2001) in preparation for the calculations of the following section. A
coagulation event between two particles, under the assumption that area as well as
volume is additive, can be represented schematically as:

{vad +{v,a} 0 {¢ V,a a} (3.9)

The change in the bivariatea moment<vk,a'>f for this one event is:

(v+Vv)P(a+a)? -vPa® -vPa“ (3.10)

Integrating over the distribution, as in Eq. 3.5, gives:



), § -

g=
oag

J’ J’B(V\/)[(v+\/) (a+a)t -vPal -vPa?] xf(v,a)f(v,a)dv da dvda
1
2

N Ejlg_

n

N
z BV IV, +M)° (& +a)" ~v;Pa ~v "8 Tww,

(3.11)
where it has been assumed that the coagulation ke&twl; ), depends only on volume.

For particles undergoing sintering, volume is conserved and (Wright et al., 2001):

N
5‘%<vpaq>f Eugon =q J’J’v”aq‘laf (v,a)dvda = qJZlvj Pa, 7, Wi, (3.12)

For the model calculations of the following section we use the linearized, surface-energy

driven, rate law of Koch and Friedlander (1990), under which the time rate of change of

surface area for an individual aggregate is

a=->(a-ay) (3.13)

f
wherea,,, is the area of the fully compacted (spherical) particle of the same volume, and

t; is the characteristic time of fusion/sintering. Equations 3.11-3.13 complete the model.

3.4 Coordinate transformations and the evolution of transformed moments

It is sometimes more accurate to track moments and quadrature points in a
transformed coordinate space. For example, aerosol distributions shaped by coagulation
tend to be broad and transformatiom toln(m) might be expected to better approximate
a normal distribution (normal ip lognormal inm) and better sampling of the pdf with
the quadrature points assigned alamgther than alongl. Calculations presented in the

following section will employ transformations of the tyme=z(m) wherez(m) is the
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logarithm, as above, or a power law of the fom= m" , with an exponeny, that will
in general be coordinate dependent. Such coordinate transformations are easily carried
out within the framework of the QMOM as next illustrated for selected transformations
used in the calculations of the following section.

The covariance matrix and quadratures are cast in terms of the transformed

moments. To illustrate for the bivariate case:
(@2) = [[421.(2.2)dz02, = ) ZiZw;. (3.14)
J

Applying the fundamental transformation rule governing the mapping between
coordinate systemd,(z,z,)dzdz, = f(m,m,)dmdm, greatly facilitates construction of

the moment evolution equations in the transformed coordinates. For coagulation Eq. 3.5

becomes:
)=
23D Kl B A, MM, + ) =2 (2, =28 (2
(3.15)
where the transformed kernel is
K (2,2,2002) = K(M,m) =K(@[" +2;".3," +2,%)
for the power law transformation, ar{e™ +e ,e™ +¢e™) for the log.
For condensation, Eg. 3.1 becomes:
%<2f’23> = %(zl"z;‘)fz(zpzz)dzidzz = i%(zl‘} Z W, (3.16)
=
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The quadrature derivatives are evaluated using the chain rule and Eq. 3.2 for the growth
law written in terms of two components for the bivariate case. Thus, for the power law

transformationsg, = m’* andz, = m}?, we obtain

dz, _ dz; dm,
dt  dm; dt

dmy; _ = 2V (2 ) (3.17a)

— Z( yi=D/ v
y i
o dt

and for the log transformation

dz; _ dz; dm, ml]
- =€ = 3.17b
¢t dm, exp(-z;)— - =exp(z;)@lexp(z,). exp(z;)]  (3.17b)

Finally, for evolution of the transformed bivariate- a moments under sintering:

With z =v"* andz, =a", Eq. 3.12 becomes:

q N
Dﬂ _Hzip - f(z,2,)dzdz, = quz z, Dzzjq—lzzj(yz D/, ala:(zzj)llyz w;. (3.18)
=1

Husion
The preceding power law transformations are fully consistent with Egs. 3.1, 3.7,
and 3.12 applied to the corresponding fractional moments. Thus one can change easily
from integral moments to fractional moments sucka$ or a2 which, in this
example, are proportional to the radial moments for integer valyearafq. The log
transformation is well suited to broad pdfs that resemble log-normal form. On the other
hand, for certain analytic coagulation kernels, sucK@sv) = const, K(u,v) =u+v,
and K(u,v) = uv, whereu andv are particle volumes, the QMOM is exact for the integral
volume moments, but only approximate for the moments o¥)@g(d fractional volume
moments. Nevertheless, the QMOM remains highly accurate for transformed moments,
as shown recently in comparisons with the moments obtained from box model
simulations of the full pdf using high-resolution discrete models (McGraw and Wright,

2003).
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4. Calculations
4.1 Simultaneous coagulation and sintering in the bivariate-a model

Simulation of the full bivariate pdf in the volume-arga] model of Sec. 3.3 was
recently reported (Wright et al., 2001). The pdf was evolved on a 150x150 disargtl,
and selected mixed moments were evaluated numerically as a function of time by summing
over the grid. These results will be used here to benchmark the PCA-QMOM for a
nonanalytic case.

Figure 1a shows evolution of the fractional volume moments,
{<1>,<v“3>,<v2’3>,<v>,<v4’3>,<v5’3>} , and Fig. 1b the mixed moments,
{<v°a5’3>,<v“3a5’3>,<v2’3a5’3>,<va5’3>,<v4’3a5’3>,<v5’3a5’3>} , defined as in Eq. 3.8. The
discrete grid calculations are as in Wright et al., (2001). The coagulation kernel was
approximated as:

BV M) = K2 +v )" +47), (4.1)
which applies for Brownian coagulation in the continuum regime. The constraint
a=a,,(v), wherea,, (v) is the minimum surface area for a particle of volunis handled

by building it into the grid itself as described in Wright et al. (2001). The initial distribution
is lognormal in these modified volume and area coordinates. Time is expressed in reduced

units, T = KN(0)t, whereK is the coagulation rate constant from Eq. 4.1 (assumed

independent of time) and(0) is the initial number of particles per unit volume (initial value
of (v’a”) =(1) from Eg. 3.8).
Figure 2a shows a sampling of 1000 points from the initial distribution. Quadrature

points were assigned by the PCA-QMOM after first transforming coordinates so that the
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initial distribution optimally approximates a bivariate normal form. Results from the Box-

Cox transformation (Appendix A) suggest a power law transformationzvithv*'*° and

z, =a* for the volume and area coordinates, respectively. That these exponents are small
in magnitude is consistent with an initial distribution nearly lognormalanda ( Appendix

A). The sampled points from Fig. 2a are reproduced in Fig. 2b in the transformed
coordinates, and the quadrature points assigned in these coordinates using PCA (Sec. 2).
Figure 2b shows orientation of the principal axgsandy,, and initial placement of the four

guadrature points obtained from the six transformed-coordinate moments

{<1><zl><22><zf><z§><zlzz>} . These give the normalization, the two coordinate means, and

the three distinct elements of the symmetric 2x2 covariance matrix, respectively. Figure 2b
also shows the initial disposition of the probability ellipsoids fordh@l standard deviation)

and 20 (2 standard deviation) surfaces obtained from the covariance matrix as described in
Paper |I. The four quadrature points, rectilinear in the coordinates of Fig. 2b, are shown after
transformation back to the origimal coordinates in Fig. 2a. These have equal weights
(irrespective of coordinates) and are seen to provide an excellent economical representation
of the initial distribution.

Returning to Fig. 1, the data points, shown at integral values of the reduced time,
were calculated using this 4-point quadrature version of the PCA-QMOM. Moments were
evolved using the differential equations for coagulation and sintering given by Egs. 3.11 and
3.12, respectively. The PCA-QMOM results are seen to be in excellent agreement with the
benchmark calculations for the lower-order moments (Fig. 1a and lower curves of Fig. 1b),
with the largest error, approaching 20%, encountered for the highest order moment (upper

curve of Fig. 1b). This error pattern is not surprising given that the highest order moment
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used in generating the 4-point quadraturess2 (sis the sum of the exponengsandq, of
Eq. 3.8) whereas= 10/3 for the highest order moment, estimated from these same
guadrature points, shown in Fig. 1. For comparison, the bivariate QMOM of Wright et al.
(2001) gave errors within 1% using a 12-point quadrature technique (with the quadrature
abscissas and weights determined using 36 bivariate moments), and within 7% for a multiple
3-point quadrature technique (four sets of 3-point quadratures) also using 36 bivariate
moments. The accuracy of the 4-point (6-moment) PCA-QMOM is comparable to that of a
single 3-point (9 moment) quadrature using the original bivariate QMOM.
4.2 Interacting particle populations

There are important cases where the aerosol pdf is not well approximated by a single
multivariate normal pdf in any coordinate system. Examples include external mixtures of
distinct particle populations as may be found near sources of primary emissions. While not
mixed initially, such populations can subsequently interact through coagulation, and also
through condensation via the competition for limited condensable vapor species. Recent
studies have pointed to the mixing state of the aerosol as important in climate and health
effects, and one would like to have the capability to simulate the general mixing state of a
multivariate aerosol throughout its evolution. The great computational efficiency of moment
methods allows these kinds of problems to be handled with comparative ease through the
simultaneous tracking of multiple distributions. The following calculation illustrates how the
PCA-QMOM can be applied to the simulation of interacting particle populations.

Figure 3a shows the initial condition for the test calculation. The aerosol is
represented as a sum of two, initially known, bivariate lognormal distributions (I and Il), with

moments:
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{m,=N; (), =2 (), =1 (#), =02; (Z), =01 (z2,), =00} (4.2a)

{<1>II =N, (), =12 (z), =22, (Z) =0.L (£) =02 (z22,), :0.01}. (4.2b)
The 0 and 20 surfaces and sampled particle compositions from the initial distributions are
shown in the figure. These surfaces are initially spherical and remain elliptical in the
logarithmic coordinate systera, = In(m,), z, = In(m,), used in the simulation. Interactions
take place through coagulation both within and between the different populations. In the
latter case we define a third, mixed, population (Ill) that gains through the assignment to it of
aggregates formed via coagulation of particles from either | or Il with the other populations.
The pdf of the overall particle population is represented as a sum of contributions from the
component distributionsf (m,m,) = f,(m,m,) + f,(m,m,) + f,,(m,m,). Separately
assigned quadrature points and moments can be tracked for each of these distributions as well
as for the overall population. Extension of Eq. 3.3 to this case gives, now for two

components, the following representative processes:

{m,m}, +{mi,m,}, O{m m,,m ni,},
{nll’n]Z}I +{m1’m2}|| D {th ml’né- r-n‘2}||| (43)
{m’rnz}l +{ml’m2}||| |:| {rrt ml’rrﬂ- rr]'2}|||

and similarly for other allowable combinations.
For special kernels [which include the constant kekgh,m ) = K ; the sum
kernel K(m,m) =m+n1; the product kerneK(m,m ) = mn1; and their linear combinations]
the moment evolution equations can be expressed in closed form and moment methods
including the QMOM and PCA-QMOM are exact. This property extends even to the case of

multiply interacting populations. For the total distributidifm,,m,), to illustrate for the

constant kernel case, the evolution equations for moments through second order are:
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(4.4)

2

b S

d(m,m,

AN~ )

—

wherea andb label different species. This closed set of equations determines all of the
moments required by the simplest (2 points per coordinate) version of the PCA-QMOM.
Multiple populations are tracked using separate covariance matrices for each population. For
three populations and two components, a total of 18 moments is required. These generate
three sets of 4-point quadratures; one set for each distribution. For simulations in mass
coordinates using analytic kernels, the full set of moment evolution equations is in closed
form and may be integrated directly. In these cases the PCA-QMOM is also exact.

Figures 3b and 3c show evolvedsurfaces for each of the populations at the reduced

coagulation times,,, =5 andt., =10 defined below. These results were obtained from a

coag
PCA-QMOM simulation carried out in the log-mass coordinate frame using Eq. 3.15 with
constanK. Except for particle number, moment evolution in the transformed coordinates is
no longer exact. Despite this, the use of transformed coordinate quadratures often provides
for superior sampling of pdf shape (as is already evident for the near lognormal distribution
of Fig. 1) and better approximations to integrals over the kernels describing aerosol physical
and optical properties than if the analytic moment evolution coordinates are used. Figure 3d
shows the number of particles remaining in each distribution as a function of time. These
results are independent of the total number concentration of particles initially present (shown

normalized to unity). Particle number enters the reduced coagulation time, defined as:
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= K[N,(0) + N, (0)]t =KN(O)t. The figure shows decay of the initial populations (I and

tcoag
II) and growth, and later decay, of the mixed population (llI).
4.3 Evolution of generally-mixed multicomponent aerosols

Calculations were completed for a number of test cases involving multicomponent
aerosols evolving under condensation and coagulation to test the general numerical
integration features of the PCA-QMOM in higher coordinate dimensions. Again we find for
those special cases that closed-form equations can be constructed for the moments, the PCA-
QMOM integration is also exact. The presentation will be limited mainly to results obtained
for coagulation, as this is the most interesting case.

Figure 4 shows evolution of a three-component aerosol in logarithmic mass
coordinates. The initial distribution is taken to be a product of lognormal distributions with
identical distribution parameters for each component. Thus the normalized initial

distribution is of the form:
[y -1 —12 2
£(m.0)/ N, = (ms2r) "epl -[in(m /m)] 25} (4.59)
wherem is the mass of species the particle,m is the geometric mean mass, ads the

logarithm of the geometric standard deviation. The initial distribution parameters are taken

to be the same for each componeqt: s, =s, =s andm, =m, =m, =m. With these

settings the initial distribution takes the factorable form:
. oy 3 -1 |:| 3 —.12 2 D
f(m,ng,%,O):No[mlmzmg(SxQn)] expE—Z[ln(m/m)] I(2s )}E (4.5b)
1=1

with initial moments:

<rnf’m§m§’;0>f =N, exp{ pﬁ+(ps)2/2} exp{qﬁ+(qs)2/2} exp{wﬁ+(ws)2/2} (4.6)
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Figure 4a shows a sampling of the initial distribution (small black points) and the

initial o and 2 probability surfaces, colored blue and green respectivelg’ forln(4/3)

and m =+/3/2. These surfaces are spherical in logarithmic coordinates 2"Fpeint PCA-

QMOM vyields eight equal weight quadrature points, initially at the vertices of the cube,
indicated by the red points. (Note that, because of the initial spherical symmetry of the pdf,
there is a degeneracy here in the initial assignment of quadrature points. This is irrelevant for
computation as the moments amesurfaces evolve continuously - and the spherical pdf
symmetry is broken immediately once the particles begin to interact.) The test distribution is
evolved under simultaneous coagulation (constant kernel) and condensation growth. The
condensation rate is taken to have the simple analytic form:

E%ggi =0, fé[!ll ::.SE fé[IEi ::E%EE (41:7)

g 3 % d 3
whereC is constant. The coagulation-to-condensation time constant ratio is set to unity:
x = KN(0)/C =1, to obtain comparable time scales for these processes. Results are given in

terms of the reduced condensation titpg = Ct, which for this case ¥ = 1) equals the

reduced coagulation time,,,. The PCA-QMOM is applied in logarithmic coordinates;

evolving the moments according to Eqgs. 3.16 and 3.17b for condensation, and Eq. 3.15 for
coagulation. Disposition of the eight quadrature points and Hrel 27 surfaces are shown

in Fig. 4b fort =t_, =t.,, =10. Note the initial stages of approach to an internal mixing

cond
state for which total particle mass, the principal coordinate, becomes increasingly dominate
while the orthogonal coordinates become diminished in importance with significantly smaller
variances in the principal frame. This effect is next examined more closely for a

multicomponent aerosol evolving under coagulation alone.
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Statistical features of the PCA-QMOM, including compression, may be demonstrated
through analytic solutions for the covariance matkii,), available when analytic growth
laws are used. Equations 4.4, for constant-kernel coagulation, apply to any number of
aerosol component species (coordinates) represented by the sulasanigts Forh
speciesa andb will each vary from 1 through. With the time dependence of the

covariance matrix elements given by Egs. 4.4 the matrix can be integrated directly to obtain:

5(t) = 2(0) + KAL. (4.8)

A is the matrix of derivatives, constant in time, from the right-hand-side of Eq. 4.4.:

0 (m)”  (m)(m,) - (m){m)8 Om)
Aogmim) (m)" e (m)(m)
o : :
H

my(m) (m)(m,) - (m,)’
The second equality shows written as the outer product of the vector of component masses,
v, = (<ml> (m,) - <mh>)T, with itself. Defined by a single vector, it follows tahas rank

1 andh-1 of its eigenvalues are equal to zero. The eigenvector of nonzero eigenvalue is obtained

simply by multiplying Eq. 4.9 on the right hand side\gyto give:

Om)0 Om)0 D(mﬁg O g
AELYs %ng m) o ) SmpaTE wao
] Hm,d

Hmn 5 Hm,)E Hm,)
showing thatv, is the eigenvector (unnormalized)/f

Av, = (v, ¥," v, = AV, (4.11a)

with nonzero eigenvalue

oo t(m), (4.11b)
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At long time the covariance matrix approachést (see Eq. 4.8) and its nonzero principal value
is given by Eq. 4.11b. Inspection of the corresponding eigenvagtahows that the principal
axes is oriented along the coordinate direction, having constant component mass ratios
m,/m, =(m,)/{m), etc.. This is the coordinate describing the internally-mixed state of the

aerosol, as expected on physical grounds.
4.4 Scaling of multicomponent aerosol distributions under coagulation

The long time asymptotic behavior of an evolving aerosol can also be studied using the
PCA-QMOM. For this it is convenient to use nondimensional moments and scaled coordinates

for the multivariate particle distribution function. Nondimensional moments are defined as:
(mnz-m), = [[[nn2-00 @10 20 ) 4 o4 (4.12)

wheren, = m,/m,, etc. are scaled coordinates, = (m,)/ N, andy(}J is the normalized,
transformed version of ()l The nondimensional moments are readily expressed in terms

of the mass moments:

(mmf.m) 0N dON O 0N

-
N HmyBHmIE " HmH @

(ning..m,), =

Thus:
(D, =) /N=1 (4.14a)
(n.)=1 (4.14b)
o (MO O (i
(M) =% ImyH _N<ma>2 (4.14c)
(= mm) NN {mm,) (4.14d)

The original covariance matrix (using Eqs, 4,14c and 4,14d) is:
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0o d

(m)((n2)-1)  (m)m)((n1,)-1) - (m)m)((77,)-1)
s(t)= L E(”h><”‘z>(<'71'72> ) <mz>2(< D=1 (m)m)((a,)-1)

O]
0
O
N(t) & : : é

Am)m ) (nn)-1) (m(m)(a.)-1) - (m)* (%) -1)

and the reduced covariance matrix, corresponding to the reduced mass probability distribution

W(nun,), is:
0() =1 ()1 ) =10
i(t)_grm» 1 <z> <’H7r3>‘1g (4.16)
Qo)1 -t - n7)-15

The matrix elements in Egs. 4.15 and 4.16 are related thrAughEqg. 4.9:

AI
MOE N(J) 5.(®). (4.17)

For constant kernel:

z” (t)=Z,(0) +KA,t

5,0 =2, (0)—0 + KNt (4.18)

from Eq. 4.8, wheré\, = N(0) is the initial particle number density. The first of Egs.

4.4 gives the solution fax:

N(t) = ENL +gt§ (4.19)

and the second of Egs. 4.18 gives the evolution of the reduced covariance matrix with

time:

-1
' K’;'Otg [50)+ KNt (4.20)
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where U is the constant elemehtx h matrix having each of its elements equal to unity.

In reduced time unitd,,, = KN,t, this becomes:

toag

5 (toug) = [+ %@l[ 3(0) + Uty (4.21)

Figure 5 shows evolution from an initial distribution (sampled points) towards the self-
preserving limit for coagulation of a two component aerosol under constant kernel. The figure
shows disposition of the four quadrature points for several indicated values of the reduced time.
These lie at the vertices of rectangles into which can be inscribedstim¢aces (not shown)
derived from the covariance matrix of Eq. 4.21. The corners of the small rectangle, oriented with
the sampled points, mark the locations of the initial quadrature points. Subsequent locations are
marked by clockwise rotation and lengthening of the principal axes with time. At long times the
total mass coordinate dominates, and the distribution approaches a self-preserving form in the

reduced total masg; = m/m. Then-moments are known to approach, in the asymptotic limit,
the factorial valuesér]k> =TI (k +1) under constant-kernel coagulation (Wang, 1966). Inspection

of the long-time behavior of Fig. 5 shows merging of pairs of quadrature pomtsataes of 0

and 2 with combined weights of 1/2 for each merged pair (since each of merging points has
weight 1/4). These quadrature fixed points yield asymptotic moments in agreement with the
factorial values fok = 0,1,2, showing that the PCA-QMOM gives the correct asymptotic

behavior for this important analytic test case. These results illustrate the compression features of
the PCA-QMOM. Compression is obtained with the dominance of a few principal coordinates
(here just one) from thie originally required to specify the pdf. This reduction in dimensionality

is especially important when the original dimensionality is lange>(1).
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5. Summary and Discussion

The PCA-QMOM introduced in Paper | has been applied to the simulation of
generally-mixed, multivariate particle populations evolving under condensation,
coagulation, and simultaneous condensation/coagulation and coagulation/sintering
processes. The new method was tested through comparisons with the bivariate pdf
obtained numerically using a high-resolution discrete grid model, and with analytic test
cases in three and higher dimensions, where calculations of the full multivariate pdf are
too expensive, computationally, to carry out.

The statistically-based PCA-QMOM, which like all QMOM-based methods
works best with lower-order moments, is in many ways complementary to the sectional
and discrete grid approaches that seek to represent the full pdf. For univariate problems,
QMOM calculations have typically employed three quadrature points (six moments).
Although the QMOM has been shown to be remarkably accurate at this level (Marchisio
et al., 2003; McGraw and Wright, 2003), one may still seek (at least in the univariate
case) more information by computing the full pdf using a high-resolution sectional
model. On the other hand, for bivariate and especially for multivariate problems, it
becomes vastly more difficult, even impractical, to track the full pdf, and statistical
approaches will likely win out. Beyond the advantages of data compression available
with PCA, there are many more lower-order (mixed) moments available in higher
dimensions - and correspondingly higher densities of quadrature points can be assigned
and tracked with time using the methods we have described. Thus, much more
information about a multivariate pdf, albeit of a statistical nature, becomes available with

the PCA-QMOM.
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Appendix A: Data transformation technique

The Box-Cox method (Box and Cox, 1964) is a popular way to determine
transformations on variables so that, after transformation, the pdf better approximates a
multivariate normal form. The method is designed for positive variables, however this is
not as restrictive as it seems because a single constant can be added to each observation
in the data. The method requires that a sampling of the initial pdf be available. We
choose the power transformation to bring the data closer to normal form. The method

transforms the variabbeto x*¥) where the family of transformations indexedig

x* -1 O
O—— Az00

xMN = A B (A1)
an A =0E

For fixed x >0, x is continuous i9. Given the set of observations, x,,..., X,

along a particular coordinate, the Box-Cox solutionAfes the one which maximizes the

likelihood expression:

L(A) = —gm(ng/n) +(A —1)iln>g (A2)
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where RSS, is the residual sum of squaresxt’, that is

RsS, = 3 (% -x) (A3)

where

. O
== A4
& n ;E A E (A4)
is the sample mean of the transformed observations.

We have also employed a simple alternative method based on moments. From the

n observations, we define the new variaté8 = (x' - u,)/ g, whereu, ando, are
the mean and standard deviation of the positive distribL{bké}w. By definition the

expectation values for the" distribution are:E[z"V] = 0 and E[(Z")*] =1. For a

normal distribution we would also hai(z*)*] = 0, which is the case for any

distribution{xﬁ} that is symmetric aboyt, . Accordingly, we choos# to be the
exponent that minimizefE[(z")°].

Both methods were applied separately to the volume and area coordinates of the
sampled points shown in Fig. 2a, and gave similar results: a pomear 1/10 for
volume and -1/10 for area. Because these exponents are not significantly different from
zero, the logarithmic Box-Cox transformation (Eg. Al) also gives near normal results.
Both methods were applied here to statistical samplings from an initially known pdf,
however, because the second method can be applied directly to moments, it has the

potential advantage of enabling coordinate transformations to be updated with time even

though the pdf is unknown. Fractional moments, of an order dependent on the
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continuous paramet@dr, can be estimated from the tracked moments for this purpose

using polynomial interpolation methods (Frenklach, 2002; Diemer and Olson, 2002).
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FIGURE CAPTIONS

Figure 1. (a) Evolution of the volume momenis(,1/3,2/3,1,4/3,5/33=0, in Eq. 3.8).

(b) Evolution of the mixed moments<0,1/3,2/3,1,4/3,5/3=5/3, in EQ. 3.8). The
exponenp increases from the lowest to highest curves shown in each panel of the figure.
Curves: results from numerical calculations using a 150 x 150 discrete grid model (from
Wright et al., 2001). Points, shown at integral values of the reduced time (see text), are

the PCA-QMOM results obtained by tracking 4 equal weight quadrature points.

Figure 2. (a) Sampled bivariate distribution (1000 points) in volume and area coordinates.
Initial location of the 4 quadrature points obtained from the PCA-QMOM after

coordinate transformation are also shown. (b) Sample points after coordinate
transformation. Initial locations of the principal axes, 4 quadrature pointg; amd 27

elliptical surfaces from the PCA-QMOM are also shown.

Figure 3. Simulation of interacting particle populations. (a) Initial condition. Sampled
distributions andr and 2r surfaces in species mass coordinates. These surfaces are
elliptical in the log-mass coordinates employed in the simulation. (b) aodgojfaces

at reduced coagulation times,,= 5 andt = 10, respectively. The mixed population,

coag
lll, consists of aggregates formed via coagulation of particles from either I, I, or Il with
the other populations. (d) Number density of particles in each distribution as a function

of reduced time. The initial total particle number density is normalized to unity.



Figure 4. Evolution of a three-component aerosol in logarithmic mass coordinates under
simultaneous coagulation and condensationo(&lue) and 2 (red) surfaces and
sampled compositions for the initial trivariate distribution given by Eq. 4.5bc (b)

(blue) and Zr (red) surfaces at reduced time (see text)t,, =t,,, =10. The red

cond
points in (a) and (b) are the eight equal-weight quadrature points tracked in the PCA-
QMOM att =0 andr = 10, respectively. Elongation of the ellipsoidal surfacas=at0
reflects the emergence of a single principal coordinate (particle mass) during the

approach to internal mixing.

Figure 5. Evolution from an initial distribution (sampled points) towards the self-
preserving limit for coagulation of a two-component aerosol. Results are in scaled
coordinates (mass divided by averaged mass). The figure depicts evolution of four equal-
weight quadrature points from the PCA-QMOM. These are located at the corners of the

six rectangles corresponding to reduced coagulation timgg of 0, 0.1, 0.3, 1.0, 10.0,

and 100.0. Subsequent locations are marked by clockwise rotation and lengthening of the
principal axes with time. At long times the total mass coordinate dominates, and the pdf
approaches a self-preserving, internally-mixed, distribution in the reduced total mass

n=m/m.
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