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ABSTRACT

A stochastic model is introduced to represent turbulence-induced fluctuations in water vapor
saturation within an atmospheric cloud. These fluctuations, together with the rate law for diffusion-
controlled droplet growth, are used to derive fluctuations in growth rate and cloud droplet size. Through
analogy with the theory of Brownian motion in an external field of force, we obtain time-dependent current
and Fokker-Planck equations for evolution of the cloud droplet size distribution. Under stationary cloud
conditions, simple analytic distributions of the Weibull or modified gamma type result, depending on how
vapor depletion effects are represented in the model. In the simplest case that all drops within the modeled
cloud parcel are subject to uniform depletion the Weibull distribution results. Ito calculus and scaling are
used to analyze the stochastic evaporation/growth equations, and results from Monte-Carlo simulations of
evolving cloud droplet populations are presented. The new stochastic model provides microphysical
foundation for two key cloud parameters, the turbulent diffusion coefficient for fluctuations in droplet size
and the effective evaporation rate, employed in the recently developed kinetic potential theory of drizzle
formation [1,2].
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1. Introduction

Uncertainties associated with the physical processes governing clouds and
precipitation limit both regional weather forecast accuracy and the ability to predict
future global climate using computer models [3]. A large component of this uncertainty
derives from complications associated with the coupling between cloud turbulence and
microphysical processes over a wide range of spatial/temporal scales and droplet size [4].
Much effort is currently aimed at reducing uncertainty through the development of more
robust parameterizations for clouds and precipitation that are microphysically based yet
computationally simple enough so as to be suitable for use in regional to global scale
models (e.g., Ref. 5). Especially crucial to understanding many cloud-related phenomena
such as precipitation, optical properties, and assessment of the climate impact of
anthropogenic aerosols through indirect effects related to the tendency for aerosols to
alter cloud properties, is knowledge of the cloud droplet size distribution. Recent
progress in parameterizations for clouds and precipitation in atmospheric models [6,7],
indirect aerosol effects [8], and rain initiation theory [1,2] reinforces the need for better
understanding of the spectral shape of the droplet size distribution.

In the following sections we introduce a new stochastic model for representing the
effect of turbulence on the condensation and evaporation processes that govern droplet
growth in a non-precipitating cloud. Theoretical results are obtained for fluctuations in
individual droplet size and for the size distribution function for an ensemble of droplets in
a stationary cloud. The results are in excellent agreement with both measured cloud drop
size distributions [6,9] and with the most probable distributions derived from the

application of systems theory to clouds [10,11].



Although significant progress in our understanding of the cloud droplet size
distribution has been made over the last few decades, the details of the processes
involved are still poorly understood and highly controversial. Furthermore, few
studies/models have provided analytical forms for the droplet size distribution that agree
well with observations. A long-standing problem in cloud physics is that observed
droplet size distributions are generally much broader than those predicted by the classical
uniform model [12]. To explain this so-called spectral broadening has been a major
focus of cloud physics over the last few decades, and a number of models have been
proposed. Early attempts in 1960’s employed a condensation theory that considered the
growth of droplet populations as a stochastic process and related spectral broadening to
various fluctuations associated with turbulence [13,14]. Efforts along similar lines have
continued to date. For example, Cooper [15] derived equations for estimating the
spectral width of droplet size distributions from fluctuations in vertical velocity and
integral radius, and their correlation, by applying small perturbation analysis to the
Lagrangian integral of the quasi-steady supersaturation averaged over an ensemble of
droplets that encounter different growth trajectories through turbulent clouds. Srivastava
[16] argued that the supersaturation that controls each individual droplet (microscopic
supersaturation) differs from the commonly used macroscopic supersaturation. There it
was shown that even without turbulence a Poisson spatial distribution of droplets could
cause droplet-droplet variations in the microscopic supersaturation, which in turn leads to
some spectral broadening. Shaw et al. [17] relate spectral broadening to supersaturation

fluctuations caused by turbulence-induced preferential concentration of droplets.



Another school has focused its effort on the processes of turbulent entrainment and
mixing as causes of spectral broadening [18-21].

Previous models of stochastic condensation have usually been of the mean field
type. In these models a collection of droplets, estimated on the basis of Kolmogorov
scaling to be several meters in extent [4], is uniformly subject to a low-frequency
fluctuating saturation tied to the vertical updraft velocity. However, it has been shown
that this uniformity places a severe restriction on the degree to which turbulent
fluctuations can lead to broadening of the size distribution [22]. After pointing out that
the early stochastic condensation models generally yield droplet size distributions of the
Gaussian type while observations tend to follow positively skewed distributions,
Khvorostyanov and Curry [23,24] derived a more general mean-field equation that yields
gamma droplet size distributions under certain assumptions in the low-frequency regime.
Nevertheless, it is clear that the low-frequency limit is often not satisfied in clouds, where
significant turbulence fluctuations can occur on smaller spatial scales [4].

An alternative (non-mean field) approach was described by Kulmala et al. [25].
This approach, also used the present study, captures fluctuations on the smaller spatial
scales by sampling the condensation/evaporation trajectories of individual droplets each
allowed to experience a different fluctuation history — thus providing a statistical
sampling of the droplet distribution. The droplet growth trajectories are assumed to be
driven by turbulence fluctuations in vapor saturation. Effects from vapor depletion (e.g.
on slowing of droplet growth and approach to a stationary size spectrum), were not
included in the simulations of Ref. 15; but such effects are a major focus of the present

study.



The new stochastic model is introduced in Sec. 2. Here we reformulate the
stochastic condensation theory by deriving a corresponding Langevin equation for
fluctuating droplet size. The analytic methods are analogous to those used in the theory
of Brownian motion in an external field of force; with turbulence responsible for
diffusion along the coordinate of droplet size, and the “force” derived as a consequence
of vapor depletion. The methods of Ito calculus, employed in Sec. 3, formally bridge the
transition from fluctuations in individual droplet size to the ensemble via the
development of a time-dependent Fokker-Planck equation for evolution of the droplet
size distribution. Under stationary cloud conditions, solution of the Fokker-Planck
equation yields analytical droplet size distributions of the Weibull or modified gamma
type - depending on how vapor depletion is represented in the model. Ito calculus and
scaling are used to analyze the stochastic growth equations in Sec. 4. Monte-Carlo
simulations for evolving droplet populations coupled through the vapor, so as to include
depletion effects, are carried out in Sec. 5 and shown to compare favorably with the
theoretical predictions.

Section 5 includes a reexamination of the theoretical foundation for the recent kinetic
potential (KP) model of rain initiation [1,2] in light of these new results. The KP
model accounts for turbulent condensation and evaporation, but previously
represented these processes in a much more ad-hoc fashion than is now possible with
the new results. For example, condensation was represented by a single turbulence
parameter together with a corresponding “effective evaporation rate” defined so as to
yield a prescribed droplet size distribution through detailed balance [1,2]. The

present analysis yields deeper physical insight into the turbulent



condensation/evaporation processes basic to the KP model: The turbulent
condensation parameter, proportional to the diffusion rate for droplet fluctuations in
size space, is now given in terms of the variance and correlation time of fluctuations
in vapor saturation arising from turbulence (Sec. 2), both of which are capable of
estimation from measurements (Sec. 5). The effective evaporation rate is shown to be
a quantifiable consequence of vapor depletion (Appendix B), and the droplet size
distribution, previously prescribed, is now derived from the stochastic model itself.
Stochastic droplet growth model

2.1 Fluctuations in local supersaturation

As cloud droplets are significantly larger than the mean free path of the
surrounding air, droplet growth occurs in the continuum, or diffusion limited, regime

[22]:

ir2 =k(T)(S-1) (2.1)
dt

Here r is droplet radius, k(7) is a temperature and pressure dependent rate coefficient (to
simplify notation we suppress the weaker pressure dependence) and S is the saturation
ratio, defined as the ratio of the vapor pressure of the interstitial cloud air to the
equilibrium vapor pressure of the drop. For example, at 7 =10"C and pressure of 800
mb, k(10°C) =167.8 (um’s™"), as determined from Eq. 13.28 and the parameters given in
Table 13.1 of Pruppacher and Klett [22]. This calculation takes into account the
thermophysical properties of water and includes coupled heat and mass transfer during
growth/evaporation of the drop [22]. k(T) is shown as a function of temperature in Fig. 1.
We consider further that, due to turbulence, S fluctuates over time and that these

fluctuations give rise to corresponding fluctuations, via Eq. 2.1, in the rates of droplet



growth. Allowing for the possibility that the mean saturation ratio, {S), differs from
unity, Eq. 2.1 can be trivially rewritten to identify the uniform and fluctuating

contributions to droplet growth:

d ,
- =kKDS) = 1)+ KTNSO~ (S))- (2.2)

Angular brackets denote averaging over the ensemble of droplets present in the parcel of
cloud under study. The first and second terms on the right hand side give the uniform
and fluctuation contributions, respectively, to droplet growth. The instantaneous
saturation ratio, S(¢), is assumed to vary from drop to drop within the same parcel, for
droplets that are sufficiently far apart, thus enabling the parcel droplets to collectively
sample the fluctuations in S. Thus in this model the vapor saturation arises from two
contributions: a random component and a uniform shift, (S) —1. The latter may also
include a time dependence arising, for example, during adiabatic cooling of a parcel of
cloud air. More significant to the present study is the finding, in Sec. 3, that vapor
depletion also manifests itself as a shift in (S), to values below unity, that persist even
under stationary cloud conditions. To present the simplest case for analysis first, we will
initially assume that (S) is uniform throughout the cloud parcel. In Sec. 6 this
assumption is relaxed to allow for the possibility that vapor depletion and (S) are
correlated locally with droplet size. There we also examine the case that the evaporation
rate is correlated with droplet size through the Kelvin effect.

Ideally one would like to evaluate the fluctuations in S from turbulence
probability distribution function (pdf) data, as was done in a study of the homogeneous
nucleation of water vapor in a free turbulent jet [16]. Unfortunately, such detailed

information on the pdf does not appear to be available for clouds and additional model



assumptions are required to make further progress. Here we will assume: (i) that the

. . . .. . 2
fluctuations in S can be characterized by a finite second moment, or variance oy,

2 2
(s —¢s))=0’; (2.32)
(i1) the persistence, or memory, of these fluctuations decays exponentially over a
correlation timescale 7y~ ; (iii) the fluctuations are stationary in the sense that their

statistical properties are independent of time. Under (ii) and (iii), the auto-correlation

function takes the form:

((S()—(S)) (S(t+ &) —¢S))) = (S()S(t + A)—(SY’

, (2.3b)
(S(0)S(2))—(S)" = 0" exp(=yA)
for time intervals, A, short compared to the time scale, 7, of significant change in the

average properties of the cloud (Sec. 4). Supersaturations in the atmosphere are thought

to only rarely exceed a few percent and the allowed range for o should be chosen so as

to give typical fluctuations less than that amount. Kulmala et al. [25] employed the same
auto-correlation function as Eq. 2.3b and further assumed a gaussian for the distribution
of S(r). It is significant that the analysis of Secs. 2.2 and 2.3 requires only the first and
second moments of S(#), appearing in Eqgs. 2.3, and not its full distribution. This has two
advantages: First, the analysis applies even in the face of large (non-gaussian)
fluctuations in S(#) from intermittency — a well known property of cloud turbulence [4].
Second, an analytic expression is obtained directly for the rate of diffusion along the
droplet size coordinate (Eq. 2.14 below), which is an important parameter in the KP rain
initiation theory (Appendix B).

It is equally important to consider the reverse process — whereby the droplet

population affects saturation levels in the cloud. Thus the parameters O'S2 and Y may be



influenced by the condensation process itself as, for example, excursions to positive
(negative) values of S-1 tend to be offset by condensation (evaporation) resulting in a
damping of the amplitude of the fluctuations in S. Also, fluctuations in saturation are
likely correlated with fluctuations in local droplet number concentrations and liquid water
content [16], the average values of which we will treat as fixed inputs to the model, and

droplet size. Initially we will assume fixed values for O'S2 and 7, relaxing this

assumption in Sec. 6 to allow for possible correlations with droplet size.

2.2 Diffusion of droplet size

Introducing the velocity along the growth coordinate, z= r’:
V() =—=—, (2.4)

Egs. 2.2 and 2.3 combine to give:
(v(Ov(t +A)) = (V0 (A)) =77 + () (A)) =77 + k> (T)o i  exp(—=yA)  (2.5)
where v =V + dv with
v =k(T)({S)-1) (2.6a)
and
Sv(t) = k(T S(r)—(S)). (2.6b)
The first equality of Eq. 2.5 results from the time-stationary assumption (iii) and the
second from the vanishing of cross terms.
Positive (negative) values of v(7) signify that the droplet is undergoing growth
(evaporation) at time ¢, causing fluctuations in saturation to result in fluctuations in

droplet size. A quantitative description of this effect can be obtained as follows. Let:

A2(1) = 21)=2(0) = [ v(t )t



where V() is the growth velocity of a particular drop in the parcel whose initial size is

72(0). Thus,

AZ (1) = joldf J.Ot(v(t' W ))dr"

and

d
d—AZ (1) =20 2(t) — 2(0)]) = 2{(v(0)[ 2(0) — z(-D)])
¢ 2.7)

0 t t
— _ 4 - 1 | _ ! ] =2
=2 L(v(O) V(" ))df 2j0 (O (¢ ))dr =2 jo (5:(0)Sv(t )t +27%
where the last equalities result from shifting the time origin, as allowed by the
assumption of stationarity, and commuting the order of the product in angular brackets.

Finally, substitution for the correlation function from Eq. 2.5 into the last integral gives:

kK (T)o

%M (t)=2k>(T)o’ L exp(—=y' )dt +2v°t =2 [1—exp(—))]+2Vt

or, in integrated form,

Azzm:zm{
Y

r— 1 +lexp(—yt)} +7F. (2.8)
Y v

For times long compared to 1/7 , the exponential factor is less than unity and Az’ is

dominated by the contributions from drift motion (term proportional to 7°) and diffusion
(term proportional to 7).

For diffusion along a single coordinate (here z) the diffusive contribution to the
mean square displacement goes as 2D,t, where D, is the diffusion coefficient, and Eq.

2.5 yields the diffusion coefficient for fluctuations in droplet size:

kZ(rIv)GS2

D, = [ (8v(0)8v())dr =k*(T) [ {(S(0)~ (SINS(x' ) ~(S)) e = (2.9)



The first equality is the most general and has the form of a Green-Kubo relation between
a transport coefficient (here D, ) and the time integral of an auto-correlation function
[27]. This follows already from Eq. 2.7. The last expression for D, , which is the one
most frequently employed in the calculations below, follows Eq. 2.8 and is specific to the
saturation auto-correlation function model of Eq. 2.3.

2.3 Stochastic differential equation for droplet growth

Further progress is achieved through the development of stochastic differential
equations for evolution of the droplet growth rate and droplet size. We begin with the
conjecture of a Langevin-like stochastic differential equation for the fluctuating part of
the growth rate and show that this is compatible with the fluctuation model of Secs. 2.1
and 2.2:

—d(d‘jv) =—y(ov)+ A1) (2.10)

where &v=v—7 and A(¢) is the underlying "random force", representing the effect of
turbulence on fluctuations in v and droplet size. From the standpoint of hydrodynamics,
Eq. 2.10 describes a single-relaxation-time Debye model of hydrodynamic mode decay
[28]. The Langevin description provides an alternative picture for the evolution of
droplet growth velocity that is fully compatible with Eqgs. 2.3 and 2.5. To show this

equivalence, note that the formal solution to Eq. 2.10 is:

ov(t) = ov(0)exp(—y) + L exp[-y(t—1)]A® )dr' . (2.11)
Multiplying on the left by év(0) and averaging using the property that the random force

is uncorrelated with the initial velocity displacement ({&(0)A(#'))= 0, one obtains:

(8:(0)8v(1)) = (6v(0)8:(0)) exp(—p) =k*(T) 0" exp(—}) (2.12)
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in agreement with Eq. 2.5.

Stochastic properties of the fluctuating drop size are also obtainable from Eqgs.
2.10 and 2.4. Indeed one can draw a close analogy and think of these equations as
representing the velocity and position, respectively, of a particle undergoing Brownian
motion in a fluid [29]. Under conditions that the time scales of interest
exceed 1/, the Brownian particle is overdamped, and a similar Langevin equation can
be written that involves the spatial coordinate alone (i.e., one that is not explicitly
dependent on the fluctuating velocity component év) [29]. The result, in notation
advantageous to the application of Ito calculus [30], is a similar stochastic differential
equation:

dz =vdt +0,dX (2.13)
whose study is the main focus of the present work. The lead term on the right contains
the "drift velocity" v, which in the Brownian analogy corresponds to the case of a
particle undergoing Brownian motion in an external field of force, here independent of
the coordinate z.

Exceptionally lucid descriptions of the formal methods required for analysis and
numerical simulation of stochastic differential equations of this type are available,
perhaps due in part to their widespread use in the pricing of options and other
"derivatives" by the financial industry [30]. The quantity dt appearing in Eq. 2.13 is to be
regarded as a small physical interval of time - small enough that the change in z is small
while the saturation still has time to fluctuate. The lead term on the right hand side gives
the deterministic contribution to the growth rate and presents no special difficulty. The

fluctuation term with

11



(2.14)

can be integrated using the methods of Ito calculus. Following [30], the latter is
implemented by setting dX = ¢JE where ¢ is a dimensionless random variable drawn

from a standardized normal distribution with zero mean and unit variance:

1 2
exp(—=¢~/2).
Pr p(=¢7/2)
Defining the expectation value of a quantity F(¢) as:

(F(@) == [ F@ exp(-6 12)d0

it is seen that

(dX)=0
2.15
(ax*)=dt @15
Note that ¢,” is a measure of the volatility of fluctuations in z and is not the variance of
this coordinate, which in general is time dependent (cf. Eq. 2.8). Squaring Eq. 2.13 and

averaging gives:

k*(T)o,*

(d2’) =77 (dt) + 0, {dX*) =7 (dr)’ +2 (dy  (2.16)

in agreement with Eq. 2.8 for the overdamped regime characterized by time scales for
significant droplet growth that exceed the saturation auto-correlation time, 1/y. This
assumption of time scale separation is supported a posteriori from results obtained in Sec. 5.
3. Fokker-Planck equation for the distribution of droplet size

Thus far we have considered excursions in droplet size for a single drop and turn
next to the more relevant question of calculating the distribution of droplet size. For an

ensemble of droplets Eq. 2.13 is in one-to-one correspondence with a unique Fokker-
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Planck equation for the distribution. Following standard rules for handling stochastic

differential equations summarized in the Appendix A, this is:

=D, 5 -7t e L 3.1)

where f(z,) is the continuous distribution function giving the number of droplets per unit
volume within the size range z to z+dz at time ¢. The first and second terms on the right
hand side account for diffusion and drift along the z coordinate, respectively. In general
v will vary with changes in liquid water content during approach to the stationary droplet
distribution state, thus precluding a simple analytic solution for the time-dependent case.
In this section we focus on the stationary limit of Eq. 3.1 for which analytic results are
easily obtained. Time-dependent behavior is examined as part of the numerical
simulations presented in Sec. 5.

The Fokker-Planck equation can also be cast in terms of the droplet current, J(z),
defined as the net flux of droplets passing through z in the direction of increasing size.

The result is the equivalent continuity equation:

&¥__9d
ol (3.22)
with
J(z)=-D, ‘WZ)+ 7 (2). (3.2b)

In the absence of droplet sources and sinks, J(z) =0 for a stationary droplet distribution.

Integration of Eq. 3.2b for this case yields:

f.@=N |_ |exp(v z/ D,) (3.3)
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for z2= 0 and normalization to the cloud droplet number concentration N,,. The new
subscript denotes the stationary distribution. Normalization of requires that v = —|\7w| be
negative - implying the tendency towards evaporation to smaller droplet sizes. Under
stationary conditions, just enough evaporation takes place to balance the tendency toward
increasing droplet size through diffusion, which of course is limited to the positive
growth coordinate z.  This balance of currents is illustrated in the top panel of Fig. 2.
The liquid water fraction (cm’ cloud liquid water/ cm” air) is obtained as the 3/2

moment of f(z):

A = 5,
L="~ jo 2 f(2)dz . (3.42)
and
D 3/2
L = n‘/ZND(l_—ZJ (3.4b)
voo

following substitution for the stationary distribution from Eq. 3.3. This last result

provides a determination of v_:

2/3 2/3 32 2
. z_ﬂ(&] DZ:_,,(&] KR (Toy -
L 4

Equation 3.5 describes the velocity in droplet size space generated by the "force"
that results from vapor depletion in a stationary cloud. Reflective of vapor depletion, the
theory predicts a uniform shift in the average saturation to values below unity. Under

stationary conditions (c.f. Eq. 2.6a):
v, =k(D)((S).-1)

or
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2/3 2
(s)_ =1- n(&J KToy (3.6)
L Y

This result provides a quantitative determination of the vapor depletion effect that results
from droplet competition for water vapor. In the absence of fluctuations (GS2 =0),
v_ =0, and the water vapor is in equilibrium with the droplets at S =1.

Transforming Eq. 3.3 to the radial coordinate and substituting for |\7m|/ D, from

Eq. 3.5 gives the corresponding radial distribution function:

ND 2/3 ~ & 2/3 )
nw(r)—ZrcND(T) rexp{ 727( Lj r J (3.7)

normalized to the droplet number concentration N,,. This is a Weibull distribution that,
remarkably, depends solely on the cloud parameters N, and L. Figure 2 shows the
distributions from Eqs. 3.3 (top panel) and 3.7 (bottom panel) for a typical maritime
cloud condition N, =100cm™, L =5.0 x10”'. At this loading the mean cloud droplet
radius obtained from Eq. 3.7 is 8.55um , which is typical for a cloud. Both distributions
are normalized on the micron scale to the droplet number concentration N,,.
4. Scaling

For economy of computation and parameterization it is convenient to introduce scaled

variables and scaled distributions using the parameters defined in Table 1:
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Scaled variables Scaling parameters

i=2lg % =(3/47)*(LIN,)*"

f=t/t T=22/(2D,) =(1/2)(3/ 47)* * (LI N,)* 3y [[kX(T)0,?]
v=v/v, (drift velocity) vy =2,/ T =2(41/3)*K*(T)o>(N,/ L) * |y

r =r/ r, (radius) r0=+‘/Z=(3/47t)1/3(L/ND)”3

dX = dx I\t

Table 1. Scaled variables and scaling parameters defined in terms of cloud microphysical
properties.

Simulations carried out in terms of scaled variables for a single reduced distribution
function are immediately representative of an entire family of cloud droplet distributions
having different values for the microphysical properties appearing in the right hand sides
of the equations included in the second column of Table 1.

From the last entry of the first column:
(aX*)=(dx’) 7t = di/T=di (4.1)
and Eq. 2.13 becomes:
dz =vdi +dX 4.2)
with (a’ ~) =0 and (a’)}2 )= dt . In scaled coordinates, the Fokker-Planck equation (Eq. 3.

1) takes the reduced form:

d _

1*f = of
iR @

where f (z) = f(2)(dz/ dz)=z,f(z) is the transformed distribution function and
df = z,df . Under stationary cloud conditions Eq. 4.3 gives the normalized solution

f.@ =2].lexp(27.2) (4.4)
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where Iﬁml is the absolute value of the reduced stationary drift velocity. The latter

quantity is not arbitrary as we require that the integrated distribution yield the specified

liquid water content, L/ N,, for the normalized distribution. This requires, in particular:
3/2 3/2
L A 5307 - ~ 4% % s 3 1 L
—=— T f@dz=—T0/2) —=| =nv"\— |5z | —.
N, 3 I 3 2F] am )\ of | N,
The second equality follows substitution from Eq. 3.4 for the stationary distribution and

the last equality gives

. _ 3 2/3
Fo=—fl=-Z|=| =-0604497..=—d 4.5)
2\4n '

defining the numerical constant d,. Thus the final form for the scaled distribution is:
£.(2)=2d,exp[-2d,7] , (4.6)
which upon transformation to the reduced droplet radial coordinate becomes:
A (F) = 4d,F ex —24,7 . (4.7)

where 7 = ++/7 is the reduced radius. Transforming and restoring units using r =+ Jz, 7

nw(r):ZTc[%] rex%—ﬂ(%) ‘er (4.8)

in agreement with Eq. 3.7 except for the normalization here to unity.

gives:

5. Calculations

In order that a Langevin model provide an unambiguous recipe for numerical
simulation, it is first necessary that a consistent set of rules for integration of the
stochastic differential equation be chosen [31]. Here we follow the methods of the Ito

calculus. The integrated form of Eq. 2.13 gives the size of the drop at time ¢:
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A0 -a(ty)=[vdi+[ o,dX. (5.1)

The first integral is in standard calculus form and presents no difficulty. The second
integral, over dX, is an Itd stochastic integral, which can be evaluated numerically as the

partitioning of the time interval ¢ —¢, into m equal smaller steps ¢, <t,---<t, =t in the

limit of large m [30]:

m—1

J.: 0,dX = O-ZZ(X(ti+1)_ X(ti))' (5.2)

i=0
Each increment in parenthesis is drawn from the random distribution: dX = (1)‘/%, where
h=(t—t,)/m, corresponding to the physical time increment, dt, of Eq. 2.15, is the step
duration and ¢ is a dimensionless random variable drawn from a standardized normal
distribution with zero mean and unit variance as described in Sec. 2.

Monte-Carlo simulations were carried out for an N-drop ensemble of growth/
evaporation trajectories based on Eq. 5.2. For this purpose it is convenient to employ
vector notation with each element of the vector referring to one of the drops. At the
beginning of each time step, N random values,{@,}, are sampled from the normal
distribution with zero mean and unit variance. Each of these values is then multiplied by

Jh to give the elements of the N-component vector dX:

¢,
dX =Jn| | (5.3)

Py

Addition of dX to the vector of droplet coordinates from the previous time step:

7t _)
z(t,_ )= : 5.4)
Zy(8y)

1R



gives the partially updated coordinates,

z'(t) =z(t,_)) +0,dX,
which already include the contribution from the random component of turbulent
condensation growth. The superscript denotes intermediate coordinates at time step ¢, .

Finally, a shift in coordinates, hV(, ), from the depletion term in Eq. 4.2 is added to

zl(tk) to get the final updated coordinates, z(z,).

The N elements of v are identical, each equal to Vv, as the present calculations
neglect correlation of drift with droplet size, and generally time dependent. As in Eq. 3.5,
v is determined, from the liquid water fraction, L. Note that L cannot change
significantly, unless either the temperature or total water content (liquid plus vapor)
within the parcel changes, due to the fact that the vapor saturation is constrained to be
close to unity when liquid water is present. For an adiabatically cooling cloud parcel, L
will generally increase with time due to additional water vapor condensation in the
absence of any liquid removal processes. Simulations for adiabatic parcels will be
presented in future work. For the present calculations we will continue to assume
stationary values for the variables, T, P, N,,, and L within the cloud parcel under
consideration. To compute v we begin by defining the model liquid water content at

time step ¢, as the total volume of the simulated drops:

N ) 4
L, (1) = ?”2 [z ()] E{us,z[z(tm, (5.5)

where the subscript, M, distinguishes the model liquid water content from the cloud

liquid water fraction. The last equality defines the 3/2 moment of z, u,,,, at time 7, .
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Assuming good sampling, L,, will be proportional to L, thus requiring that L,, also be
constant, or nearly constant, throughout the simulation.

On average, the intermediate coordinates zI(tk) will have higher model liquid
water content than z(#,_, ). This is because diffusion along z in the absence of vapor
depletion tends to give increasingly higher values of L,,. Including vapor depletion
corrects for this failure to conserve total water content in the parcel. We simulate the
effect of depletion, after computation of zl(tk) , by shifting the value of each component
z, a constant amount &z (equal to 4V ) and determine v from the shift that restores
L, (t,) to its initial value, or more generally its prescribed value, L,, (0). (Note that the
shift will never be large because the previous value L, (¢, ) has already been so
restored.) The required z-shift is obtained from Eq. 5.5 and its derivative with respect to

the shift in z. For this purpose we introduce, in addition to

U, ,, the 1/2 moment:

N

1 H[2)1= D[z, 017, (5.6)

i=1
and obtain the correction as

51, :_2{4“3/2[1 (1)1 1s,,[2(0)]} . (5.7)

3 ﬂl/z[zl(tk)]

Finally, we obtain the depletion velocity from:

_ oz(t,)

v(t, 5.8
() ., (5.8)
and the updated droplet size coordinates
z(t,) =z, )+ 0,dX+hv(z). (5.9
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Positive values for the droplet size coordinates, { z; }, are insured by applying a reflective
boundary condition at the origin.

Figure 3 shows results from simulations carried out for the reduced Langevin
equation, Eq. 4.2, using an ensemble of 100 drops. The model time step was set at
h=0.0017 (df =0.001) and the simulation carried out to t =57, or # = 5. The initial
droplet distribution is taken to be monodisperse with 7 =1. The top panel of Fig. 3
shows the cumulative radial distribution corresponding to the Weibull distribution, Eq.

4.7:
¢(F) = i(s)ds. (5.10)

solid curve, and comparison with results from combining the 100-drop Monte-Carlo
simulations at four different times in the stationary limit near = 4 (400 points total).
The bottom panel of Fig. 3 shows evolution of the relative dispersion, a measure

of the width of the size distribution defined in terms of the radial moments:
my(7) = [Fa(F 1) dF
" (5.11)
m, (f) = jo 727(F T )dF

as [8]:

~ \/mz(;)_mlz(f) (5.12)

&t)= =
my(t)
Each of the 5000 points in the figure represents the value of the dispersion at time step k:
(7,). Initially the dispersion is zero, corresponding to the monodisperse initial

distribution. This is followed by broadening of the distribution with time due to the
turbulence fluctuations in saturation and condensation growth/evaporation rate. Note that

this behavior is just opposite the tendency of condensation growth at a constant (non-
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fluctuating) vapor supersaturation to narrow size distributions over time [32].
Broadening of the distribution is effectively complete at t = T (¢ = 1), although there
continues to be a slower leveling off to values close to the asymptotic value,
€. =0.5227..., predicted from the moments of the stationary distribution, Eq. 4.7, and
indicated in the figure by the horizontal line.

We turn next to estimation of the range of values likely to be encountered for the

model parameters O, ¥, and 7. In our previous work we studied a condensation
parameter, 3", which is closely related to D, (Appendix B) [1,2]. First we estimated
t,q, (), defined as the time required for diffusion along the growth coordinate to change
the cloud droplet size 1% from 10 to 10.1 micron radius, which is inversely proportional
to D,. Specifically,

Az)?
Ly E% (5.13)
z

where Az =10.1° —10.0° = 2.01um’ and the units of D, are wn's™. Comparison with

the definition of 7 (Table 1) shows the proportionality:

to, =@T (5.14)

0

Figure 4 shows the conditions, o,* /7 and temperature (° C), for which z,,
assumes values of 0.1, 1.0, and 10.0 seconds (solid curves). (In the present model, the
temperature dependence of D, and ¢, derives from the temperature dependence of
k(T)). Also shown are contours of constant 7 from Table 1 for z, = 100um’
corresponding to an average cloud droplet radius of 10 um. Considering the typical

lifetime of clouds, which sets a lower limit on the ordinate, and the maximum saturation
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ratio likely to be encountered, which sets an upper limit, it is likely that most values of

652 /v encountered will fall between the curves for t,, = 0.1s (7 = 4min) and 7= 60min
(t,, =1.55). For example, at 7= 10°C, a 1% variance in the saturation (o3 = 0.01) and

correlation time (1/y = 7s) for fluctuations in § yields f,, = 0.1s. These values for oy
and 1/ are in the range of estimated values for these quantities from Kulmala et al. [25]
based on aircraft measurements [33]. Furthermore the yielded value, ¢, = 0.1s, is within

the range of our previous assignment for this quantity and is a parameter value for which
a determination of the threshold conditions for drizzle formation has been carried out [2].
Nevertheless, with the new stochastic model, the microphysical basis for this parameter,
and for the effective evaporation rate (Appendix B), are each more firmly established.
Shorter correlation times and/or fluctuations of smaller amplitude imply longer relaxation
times required to reach stationary cloud conditions. The assumption of the overdamped
case (used in Eq. 2.13) requires that 1/y << 7. This inequality is consistent with the
estimated correlation and relaxation times above, providing an a posteriei justification
and foundation for the overdamped Brownian model used in Sec. 2.
2. Extensions to size-dependent drift and diffusion rates

More sophisticated models for size-correlated evaporation, growth, and
fluctuations in local vapor saturation can be constructed and result in Langevin equations
having drift and diffusion coefficients dependent on droplet size. In such cases
ambiguities in interpretation of the Langevin equation arise leading to the development of
distinct, but internally consistent methods of solution under the headings ‘Ito calculus’
and ‘Stratonovich calculus’ [31]. Nevertheless, there is no ambiguity in the integrated

results and we have tested both methods and found the droplet distributions obtained
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below to be independent of which set of rules (Ito or Stratonovich) is employed. As in
the previous sections we continue to follow the methods of Ito calculus (Appendix A).
To illustrate we examine two cases: (1) the average saturation ratio is constrained to unity
and drift to smaller size occurs due to elevation in droplet vapor pressure and evaporation
rate from the Kelvin effect; (2) the inverse problem whereby the droplet size distribution
is measured, or specified a priori to have a certain form, for example an exponentially
decaying distribution in droplet volume, and we seek to determine size-dependent
Langevin coefficients for diffusion and drift.
3. Enhanced evaporation from the Kelvin effect

The elevated saturation ratio in equilibrium with a small solute-free droplet is

given by the Kelvin relation [22]:

(6.1)

2y. | " 2y.. 1+ 2y, L2
p,kTr pkTr p,kT

S, (r)= exp(

where ¥, is the surface tension of a flat liquid-vapor interface and p, is the number of

molecules per unit volume in the bulk liquid phase. Although the elevation in vapor
pressure for cloud droplets is small, compared for example to the root-mean-square
fluctuations in vapor pressure expected from turbulent diffusion, its persistent sign and
action over the cloud lifetime require that it be taken into account. The linearized
approximation of Eq. 6.1 is excellent even for r values down to the 0.1 micron range
characteristic of the smallest droplets in a cloud. To separate the Kelvin effect for
purpose of illustration, we set the average background saturation ratio to unity. In this
case the depletion contribution to drift from Eq. 2.6a vanishes, but Eq. 6.1 gives a new, z-

dependent, mechanism for drift to smaller droplet size:
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v(2) = —km[l—sa,u — kML T (62)
pAT

The last equality defines v, >0 as the magnitude of the drift velocity for z equal to unity
(here 1 micron?).

Treating the fluctuating contribution to droplet growth as in Secs. 2 and 3, and
using Eq. 6.2 for drift, yields size-dependent Langevin and Fokker-Planck equation

coefficients in accord with Eqs. A1-A4 (Appendix A):

A(z) =0,
B(z)=—v Z—1/2
o ()= L@ A (z) _o; _p, (6.3)

2
D(l) (Z) — B(Z) — _VIZ_”2

The Fokker-Planck equation constructed from D and D is (Eq. A2):

Z DZaZ

J’ J -1/ 2
f+_(1 f)

The stationary solution, obtained by equating both sides to zero, is a gamma distribution

2
2v 2v
n_(r)=N (—1) rexp(— —lr), (6.4)
° DZ DZ

normalized here to the droplet number concentration, N,. This distribution has relative

in drop radius:

dispersion €_ =1/ V2 and is thus somewhat broader than the Weibull distribution

obtained previously. The average droplet water content from Eq. 6.4 is:

3
L 4rx - 4( D
—=—7[J rn_(rydr=—| =%, (6.5)
N, 3 T\ v
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which relation can be used to recast Eq. 6.4 in terms of the measurable cloud parameters

N, and L.
For water at 10°C, substitution into Eq. 6.2 gives v, =0.19 um’s™" and the only

remaining parameters in Eq. 6.4 are N, and D,. The range of likely values for D, can
be estimated as in the previous section. Specifically, from our estimated range for ¢,,
0.1s< 1, <1.5s,
we obtain from Eq. 5.13 the corresponding range:
202=2D,2>1.35 (6.6)
for D,. Expressing volume in cgs units and combining this result with Eq. 6.5 with the

determination of v, we obtain:

1.5x107° > Ni(cnf) >4.5%107" (6.7)

D
for the average droplet volume. Although this is a wide range, it remains noteworthy that
it includes the conditions spanned by typical clouds (e.g. L values of order 10° to 10
and N, values in the range 50-1000 cm™). This would not be the case but for the similar
enhancements of evaporation rate found from the Kelvin and vapor depletion effects —
this despite the very different physics behind these two processes.

The combination of turbulent diffusion and the Kelvin effect results in a simple
analytic form for the droplet spectrum (Eq. 6.4). However, for values of D, lying
towards the upper end of the range set by Eq. 6.6, the average size of the droplets
obtained from Eq. 6.7 exceeds the observed range of cloud droplet size. This is because
the Kelvin effect, alone, is insufficient to maintain the small droplet sizes of typical

clouds under higher turbulence conditions -- we must also include the vapor depletion
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effect. By reducing the average saturation ratio to values below unity, vapor depletion
further enhances the evaporation rate and the drift of droplets to smaller size. Thus it
appears likely that the Kelvin effect and vapor depletion both contribute to balance the
diffusive growth to larger droplet size during cloud droplet evolution.

4. Dirift and diffusion for a prescribed droplet distribution

Let w(z) =(47/3)z”"? be the droplet volume and consider an exponential

stationary droplet volume distribution
N
n(w)=—2exp(-w/a) (6.8)
a

normalized to N, where a ={w)= L/ N, is the average droplet volume [2]. Equations
3.3 and 6.8 are identical except that the former is in terms of z and the latter w. By
analogy, Eq. 6.8 is the solution to a Langevin equation having constant coefficients for
drift and diffusion along the volume coordinate:

dw=0,dX +Vv, dt. (6.9)

Transformation to the z coordinate following the rules of Ito calculus (Appendix A) gives

d dz 1 _,d
dz=0,—dX+| 7, —+-0>=% lat
dw dw 2 dw

w

1 -1/ 2 1 [— —-1/2 1 2 —ZJ
=—o0 7 dX+—|v 7 T——0 "7 |dt, 6.10
2 " 21 &t " (6.10)

exhibiting z-dependence in both the diffusion and drift coefficients. We do not attempt to
offer a microphysical model in support of the complicated drift and diffusion coefficients
appearing in Eq. 6.10, or even in the much simpler volume coordinate representation of

Eq. 6.9: First, these coefficients are not unique as only their ratio is needed to specify the
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distribution. Second, prescribed distributions are often based on fits to measurements and
are thus themselves generally lacking a well understood microphysical foundation.
Construction of the corresponding Fokker-Planck equation (Eq. A.2 of Appendix

A) is carried out using the new coefficients in Eq. 6.10 for A(z)and B(z), with Egs. A.3
and A.4 used to obtain D? (z), and D(I)(z) , respectively. The calculations are

straightforward and yield the stationary solution in z:

N’ 4
f()=2x Z 7" exp(—?’—z NDZMJ, (6.11)

which on variable transformation using n(w) = f(z)dz/ dw gives Eq. 6.8. In terms of the

radial coordinate, Egs. 6.8 and 6.11 take the form:

2

N dr
=4 =22 (——N 3) 6.12
n_(r) 7 r-exp 3L o ( )

which is also a Weibull distribution, but with different exponents than Eq. 4.8 and
narrower relative dispersion, £_ = 0.363... .

Figure 5 presents a comparison of the three distributions from Eqs. 3.7, 6.4 and
6.12. The first two were derived on a microphysical basis whereas the third distribution
was prescribed. All three distributions are in fact reasonable representations of typically
encountered cloud droplet size distributions [10] and have relative spectral dispersions

(summarized in the caption) in agreement with the range of observed values [6].

5. Summary and discussion

A new stochastic model has been introduced in this paper to represent the effects

from fluctuations in water vapor saturation, due to turbulence, and depletion on the size
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distribution of droplets in a cloud. Fluctuations in droplet size are modeled as Brownian
diffusion, along the coordinate z= r’ , with a diffusion constant, D,, dependent on
growth rate, variance of the fluctuations in saturation, and the fluctuation correlation
time. An important property of turbulent condensation is that it provides a mechanism
for droplets, even droplets initially of the same size, to grow at different rates as each
droplet experiences, via Eq. 5.1, a different realization of the random distribution and a
different growth/evaporation path and integrated droplet size. Diffusion of droplet size
along the positive z coordinate would ordinarily lead to ever increasing total droplet
volume were it not for the competing reduction in droplet size from the Kelvin and/or
vapor depletion effects. The net result, confirmed here both by analytic calculations and
Monte Carlo simulation is an evolution towards stationary droplet size distributions
having properties (average size, relative dispersion, etc.) in good agreement with the
observed properties of clouds.

The present stochastic theory for cloud droplet evolution also provides foundation
for the recent kinetic potential (KP) theory of drizzle formation [1,2] as described in
Appendix B. In that study, D, was introduced as an empirical model parameter, and
allowed to vary over a reasonable range of values, without further justification. The
results of the present study represent a considerable advance in that D, has now been
given a quantitative microphysical basis in terms of the condensation growth rate, and
variance and correlation time of the fluctuations in supersaturation arising from
turbulence. The analysis behind Fig. 4 shows explicitly the microphysical conditions
under which the diffusive growth assumption used in McGraw and Liu [1,2] remains
valid, while pointing the way to a more complete treatment (c.f. Sec. 2.2) should
conditions be found for which the fluctuations in supersaturation decay over time scales
comparable to or longer than those required for significant droplet growth.

The assumptions of fixed temperature, cloud droplet number, and liquid water
content in the cloud parcel were made for convenience in introducing the new stochastic
model, but are in no way essential to it. Future studies will apply the present parcel
model to a rising and cooling parcel of cloud air and can also include the mixing effects
from entrained air. The simplifying assumption of fixed droplet number avoids having to

consider the activation of (or evaporation to) dry particles as well as the scavenging of
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droplets through precipitation. The latter requires expanding the present cloud model to

include the dynamics of precipitation and is a subject for future research.
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Appendix A: Ito calculus and the correspondence between Langevin and Fokker-
Planck equations

Given a Langevin equation of the form
dz = A(z,t)dX + B(z,t)dt , (A.1)
construction of the corresponding Fokker-Planck equation follows standard rules for

handling stochastic differential equations (see, for example, Ref. 31 pgs 50 and 98):

%=§722(D(2)f)—a%(1)“)f) (A.2)
with:
D ()= A2 (A3)
2
and, following the rules of Ito calculus,
DV (z,0) = B(z.1t). (A.4)

A factor of 1/2 appears in Eq. A.3 that does not appear in the definition of D found in
Ref. 31. This is due to the different normalization use here for the random increment dX
(Eq. 2.15).

Comparing Langevin equations A.1 and 2.13, we obtain for this constant-

coefficient case:

A(z) =0,
B(z)=v
or
D@ ARQ_o;_ D
2 2 ‘. (A.5)
DY =B(z) =7

Substituting into the general form (Eq. A.2) immediately gives Eq. 3.1.
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Given an original Langevin equation of the form A.1, and transformation function

w =w(z), the transformed Langevin equation is (Wilmott et al., 1995):

2
dw=ADax | g L pd v, (A.6)
dz dz 2 dz

The second term in parenthesis is an additional contribution to drift motion that arises in
the Ito calculus from Taylor expansion due to the fact that the expansion term of order

dX’ is retained (unlike in conventional calculus) because it is of order dt.
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Appendix B: Relation to parameters used in the kinetic potential (KP) theory of
drizzle formation

The kinetic potential, developed as a theoretical tool in nucleation theory [34],
was recently used in the development of a new theory of drizzle formation [1,2]. In the
KP drizzle theory, the size coordinate is descretized to a lattice and D, is determined
from the hopping rate and jump distance between adjacent lattice sites. For example,
with the lattice spacing z, =7,> where r, is molecular radius of water, and
nondimensional coordinate i = z/z,, we obtain

D, =By’ (B.1)
where B is the turbulent condensation transfer rate between adjacent lattice sites
h — h+1 [2]. The lattice is a mathematical construct whereas the diffusion coefficient is
a physical quantity that, like all physical quantities encountered in the model, must be
invariant to the choice of lattice spacing. Thus, for a z-independent D, , Eq. B.1 implies a
z-independent transfer rate inversely proportional to the lattice spacing squared.

cond

In addition to B there are two additional transfer rates introduced to complete
the KP drizzle model. These are the effective evaporation rate, Y, giving the rate of
back transfer (h <~ h+1), and an additional contribution to the forward transfer rate

(h — h+1) from collection, 8. Collection refers to the gain in size of a specified drop
large enough to have a significant gravitational fall velocity so as to accrete the smaller,
slower falling, droplets that typify the main population of the cloud. Because drizzle
formation is beyond the scope of the present study, we consider here only the two transfer

cond

rates, B’ and Y, which have the greatest influence on the droplet spectrum for non-

precipitating clouds.
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The principal advantage of the KP, ®(z), is that it enables one to define a

Boltzmann-type proportionality for the stationary cloud droplet population:

fo(h+1) B B _ B
= = exp{-[®(h+1) cb(h)]_—yeﬂ(ml).

(B.2)
In this way ®(z) resembles a reduced thermodynamic potential but with broader utility
as it is also defined (c.f. the second equality of Eq. B.2) solely in terms of transfer rates.
The first and third terms satisfy the detailed balance condition:
B L) =y (h+Df.(h+1). (B.3)
A key result of the new stochastic model is that it provides a means to directly
determine the effective evaporation rate. In our previous formulations [1,2], y¥ was
determined via the detailed balance condition and this, as seen from Eq. B. 3, requires

both an estimate for the turbulent condensation transfer rate, "

, and specification of
the cloud droplet size distribution. The new stochastic model also requires a
determination for B (equivalently, D, ), but the cloud droplet size distribution is now
a derived quantity determined by the model itself. Furthermore, D, has been given a
more through microphysical basis in terms of the amplitude and persistence time of the
turbulence fluctuations in S (Eq. 2.9). Finally, the new stochastic model provides
foundation for the KP drizzle theory by showing explicitly how the barrier to drizzle
formation [occurrence of a maximum in ®(z) ] arises from the competition between
water droplets for available vapor in the cloud. Specifically, the rising portion of the

barrier is a consequence of vapor depletion as reflected in the negative drift velocity v in

the stochastic model. This can be seen by substituting the derived expression for

f..(@) = f.(zh)= f.(h) from Eq. 3.3 into Eq. B.2 to obtain:
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h+1 V. dd dod
ln{LJ = v;"’z1 =—[®h+1)-DPh)]=——=-7,— (B.4)
foo(h) DZ dh dZ
The second and fifth terms are readily integrated to obtain
o= (B.5)
7)= D, Z .

where the constant of integration has been chosen such that the potential vanishes for
z=0. These results also yield the important inequality, B3"“(h) <y (h+ 1), in the pre-
collection regime due to the fact that v_ is negative, and f_(z) is in this model a
decreasing function of z.

Equation B.5 gives a linear increase in potential with drop size that is the rising
portion of the barrier to drizzle formation in the full KP drizzle theory (McGraw and Liu,
2004). Thus it is the physics of drift and diffusion behind Eq. B. 5 that both determines
the Boltzmann exponential factor, shaping the cloud droplet distribution (cf. Eq. 3.5), and
is responsible for the activation barrier to drizzle formation. The main difference
between Eq. B.5 and the full KP is that the latter also includes collection. Nevertheless,
Eq. B.5 remains an excellent approximation to the full KP over the range of typical cloud
droplet sizes and collection is not important in this regime. Collection results in a
downturn in the full KP, corresponding to activationless growth, in the size regime of the
larger falling drops that are beyond the scope of the present study (McGraw and Liu,

2004).
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Figure captions:

Figure 1. Temperature dependent diffusion-controlled growth prefactor used in Eq. 2.1.
Solid curve includes properties of water and the coupling of heat and mass transfer fluxes

that arise during growth/evaporation of the drop. Results for P = 800mb.

Figure 2. (Top) Stationary cloud droplet size distribution from Eq. 3.3 for a mean droplet
radius of 10 micron and normalization to unity. Arrows show balance of currents from
diffusion and drift. (Bottom) Same as above except plotted versus the radial coordinate

r= +JZ. The distribution in terms of the radial coordinate takes the Weibull form.

Figure 3. (Top) Cumulative radial distribution versus scaled drop radius from Eq. 4.7
(solid curve) and comparison with results from four 100-drop Monte-Carlo simulations
(points) at different times near f = 4. (Bottom) Relative dispersion, &, for 100-drop
samples taken at reduced time increments of 0.001 (5000 samples total) as a function of
reduced sample time. Results are shown for evolution from an initially monodisperse

size distribution.

Figure 4. Contours of constant ¢, , solid curves, and 7, dashed curves, as a functions of
the logarithm (base 10) GS2 /vy (in seconds) and temperature (in degrees C). See text for

definition of ¢,, and Table 1 for definition of 7.

Figure 5. Comparison of normalized droplet radius distributions. The reduced radius is
defined as r = r/ ¥ where r is the mean radius for the distribution. Solid curve,
depletion distribution from Eq. 3.7; dashed curve, Kelvin effect distribution from Eq. 6.4;
dotted curve, exponential volume distribution from Eq. 6.12. Relative dispersions are

0.52,0.71, and 0.36, respectively.
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