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Recent kinetic extensions of the nucleation theorem suggest that the logarithm of the steady-state
nucleation rate has strong multilinear dependence on the log concentrations of condensable species
present in the vapor phase. A further remarkable result is that the coefficients of this linear
dependency provide a direct determination of the molecular content of the critical nucleus itself.
Building on these results, the powerful utility of multivariate statistical methods is demonstrated
here for physically based parametrization and interpretation of nucleation rate measurements. The
new approach is applied to recent measurements by Zhang et al. �Science 304, 1487 �2004�� on the
p-toluic acid/sulfuric acid/water ternary vapor system. A linear minimum variance parametrization
for nucleation rate dependence on vapor composition, accurate over the range of the measurements,
is obtained. Estimates of critical nucleus molecular composition are also presented. These suggest
that a single molecule of p-toluic acid present in the critical nucleus is sufficient to trigger a ternary
nucleation event. Efforts under way to apply the new methods to analysis of new particle formation
in the atmosphere are discussed. © 2008 American Institute of Physics. �DOI: 10.1063/1.2830030�

I. INTRODUCTION

Increasingly, the need to model nucleation processes
thought to be important for applications exceeds the predic-
tive capability of phenomenological nucleation theories in-
cluding, most notably, classical nucleation theory �CNT�. Ex-
amples from the field of atmospheric science include current
efforts to model frequent and widespread observations of
new particle formation, which occur through various mecha-
nisms of gas to particle conversion.1 Early models were lim-
ited almost exclusively to binary sulfuric acid-water nucle-
ation. More recent studies support the binary mechanism as
consistent with the observations of new particle formation in
the upper troposphere; however, measured rates substantially
in excess of the binary rate are often found, especially in the
marine boundary layer and over continental sites.2 One ex-
planation for the discrepancy is the participation of a third
vapor component that, in concert with sulfuric acid and wa-
ter, results in enhancement of the nucleation rate over the
binary rate. Suggested third species include ammonia2 and
condensable organic acids.3

Classical nucleation theory has been applied to the ter-
nary ammonia/sulfuric acid/water system,4 but model predic-
tions have not been compared with the experiment in other
than a qualitative way due to the lack of quantitative mea-
surements. Initial laboratory measurements were reported for
this system, and significant enhancement of the nucleation
rate over the binary rate was found, but estimates of the
ammonia vapor concentrations present in the experimental

nucleation region were reported as uncertain.5 Nevertheless,
a recent comparison of the Ball et al. data with a CNT-based
parametrization of the ternary nucleation rate suggests that
CNT greatly overestimates the ammonia enhancement by
predicting even larger enhancement of nucleation rate.6

Laboratory measurements are available for the ternary or-
ganic acid/sulfuric acid/water system for several organic
acids,3 but inadequate knowledge of bulk solution properties,
such as surface tension and partial vapor pressures over these
ternary mixtures, would seem to preclude application of phe-
nomenological approaches, including CNT, to any quantita-
tive analysis of these potentially important atmospheric sys-
tems. In this paper, we will examine the p-toluic acid/sulfuric
acid/water system using a new approach based on the recent
development of nucleation theorems and application of mul-
tivariate statistical methods.

Even when the bulk properties of a condensate are
known, classical nucleation theory requires correction to en-
sure satisfaction of the law of mass action, internal consis-
tency, and proper accounting of translational and rotational
degrees of freedom during the mapping of molecular clusters
to capillary drops.7 Furthermore, it is known that with sur-
face active systems such as ethanol/water, the theory some-
times produces unphysical predictions �negative occupation
numbers of water molecules in the critical nucleus�.8 It is
generally held that all of these difficulties would vanish in a
fully molecular nucleation theory.

The present paper introduces an alternative approach us-
ing the nucleation theorem to establish optimal coordinates
for characterizing the rate of nucleation in multicomponent
vapor systems. Rooted in the fundamental law of mass actiona�Electronic mail: rlm@bnl.gov.
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and principle of detailed balance, nucleation theorems inherit
a molecular character not found in CNT. When used in con-
junction with experimental measurements, nucleation theo-
rems provide molecular-level information on nucleus compo-
sition, hence, on nucleation mechanism. Unlike CNT,
however, nucleation theorems make no a priori prediction of
absolute nucleation rate—additional input from modeling or
measurement is required. Section III applies linear regres-
sion, using coordinates set by the nucleation theorem, to pro-
vide a fully multivariate description of a ternary nucleation
data set. This approach allows one to describe relative sen-
sitivity of nucleation rate to simultaneous changes in vapor
composition and temperature, including changes in concen-
tration of multiple vapor components. Temperature depen-
dence is addressed in a future publication. By applying the
new methods, we determine in Sec. III that a single p-toluic
acid molecule in the critical nucleus is the best estimate for
the number needed to initiate a ternary nucleation event. Fi-
nally, the new methods are shown to yield a simple yet ac-
curate parametrization for the ternary nucleation rate.

II. KINETIC EXTENSION OF THE NUCLEATION
THEOREM FOR MULTICOMPONENT VAPORS:
SELECTION OF COORDINATES

The nucleation theorem �NT� is a thermodynamic result
relating the sensitivity of the nucleation barrier height to
changes in log vapor species concentration.9–11 A clear limi-
tation of the NT is that the barrier height cannot be measured
directly, unlike the nucleation rate itself. This situation was
improved greatly through the development of kinetic nucle-
ation theorems �KNTs� beginning with the work of Ford.12

KNTs provide a direct calculation of the rate sensitivity by
incorporating the full Becker-Döring molecular cluster sum-
mation for the nucleation rate, thus, including contributions
from the multistate kinetics as well as thermodynamics to the
rate. More recently, the KNT has been shown to follow very
generally from the law of mass action and principle of detail
balance and extended to several models of multicomponent
nucleation rate.13 The KNT is next briefly reviewed as origi-
nally developed for single component vapors. This is fol-
lowed with the introduction of a simple transition state
model designed to motivate its extension to systems having
multiple components.

A. Composition variation at constant temperature

Constant temperature differentiation of the Becker-
Döring expression for the steady-state nucleation rate J
gives12,13

� � ln J

� ln n1
�

T

= � � ln J

� ln S1
�

T

= 1 + ḡ � 1 + g*. �2.1�

Here n1 is the concentration of condensable monomer in the
vapor phase, S1�n1 /n1

eq is the saturation ratio, and n1
eq

=n1
eq�T� is the vapor concentration in equilibrium with bulk

phase. The average is defined as

ḡ =

	g=1
G 1

�gng
g

	g=1
G 1

�gng

� 	
g=1

G

gP�g� , �2.2�

where the summation runs from monomer through clusters
well beyond the critical cluster size and P�g� is the normal-
ized distribution of reciprocal cluster growth rates defined by
the second equality. ng is the constrained equilibrium con-
centration of clusters of size g �clusters containing g mono-
meric units� and �g is the rate constant for monomer addition
to a single g cluster,

�g � �c
c̄1

4
sgn1 = �c� kT

2�m1
�1/2

sgn1, �2.3�

where �c is the accommodation coefficient, sg is the surface
area of a g cluster and c̄1 is the mean molecular speed of a
molecule of mass m1. The approximate equality of Eq. �2.1�
holds whenever P�g� is sharply peaked at a critical cluster
size g*. For the present analysis, we will use the leading
partial derivative in Eq. �2.1�, expressing results in terms of
measured vapor number concentrations, so as to avoid hav-
ing to compute saturation ratios in cases for which equilib-
rium vapor pressures are not well known.

B. Extensions to multicomponent systems

Early applications of the thermodynamic nucleation
theorem to multicomponent systems suggested that measure-
ments of the relative sensitivity of nucleation rate with re-
spect to change in the saturation ratio of each vapor compo-
nent provide direct information on critical nucleus
composition.10,11 Multicomponent extension of the KNT, on
the other hand, requires an explicit expression for the nucle-
ation rate. Unfortunately, a suitable extension of the closed-
form Becker-Döring rate, used to obtain Eqs. �2.1�–�2.3�, to
multicomponent systems is not available without further ap-
proximation. Thus, rigorous extensions of the KNT have
only been achieved for special model cases.13 These include
the Shugard-Heist-Reiss �SHR� binary nucleation model,14

shown to be a very accurate approximation to the full nucle-
ation kinetics for sulfuric acid-water mixtures15 and, for the
multicomponent case under the approximation that the free-
energy saddle surface has quadratic form. Here, we motivate
the multicomponent extension using an even simpler transi-
tion state model for which a well-defined critical cluster
serves as the transition state, and the nucleation rate is deter-
mined from the barrier crossing rate, which is equal to the
sum of the net fluxes contributed by each condensable vapor
species to growth beyond the critical cluster size. The model
is largely thermodynamic in its focus on the population of
clusters of critical size, but it does include a kinetic prefactor
�one consistent with the law of mass action� which gives rise
to departures from the thermodynamic result �e.g., the �i

terms present in Eqs. �2.8� and �2.9� below�.
Illustrating for two components �the model is readily ex-

tended to any number of components�, let
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J = J1 + J2, �2.4�

be the overall nucleation rate. Taking the logarithm and ex-
pressing the result in differential form gives

d ln J = � J1

J1 + J2
�d ln J1 + � J2

J1 + J2
�d ln J2. �2.5�

Here,

Ji = �i�i�g
*

1,g*
2�n�g*

1,g*
2� �2.6�

is the net flux for growth of critical clusters through addition
of species i. �i�g

*
i ,g

*
2� is the rate at which molecules of

species i add to a single cluster having g*
1 molecules of

species 1 and g*
2 molecules of species 2, and n�g*

t ,g
*

2� is
the constrained equilibrium cluster concentration where pa-
renthesis are used in place of subscripts when more than one
component is present. For a single component vapor �1�g*

1�
is identical to �g of Eq. �2.3� with sg replaced by the surface
area of the critical cluster. �i is a barrier transmission coef-
ficient, assumed here to be constant, along the growth coor-
dinate of species i. In the absence of recrossing, �i has the
value unity, as in transition state theory, and is otherwise a
correction to that result. �See Ref. 16 for a discussion of � in
the context of classical nucleation theory.�

With these definitions, the differentiation in Eq. �2.5� is
readily carried out. First, applying the law of mass action to
the concentration of critical clusters:13 n�g1 ,g2��n1

g1n2
g2 at

constant T gives


 � ln n�g1,g2�
� ln n1

�
T

= g1, 
 � ln n�g1,g2�
� ln n2

�
T

= g2. �2.7�

Note that this result applies to clusters of any size, not just
critical size. Combining Eqs. �2.5�–�2.7�, gives the constant
temperature KNT for this model

� � ln J

� ln n1
�

T

= � J1

J1 + J2
��g*

1 + 1� + � J2

J1 + J2
�g*

1

= g*
1 + � J1

J1 + J2
� ,

�2.8�

� � ln J

� ln n2
�

T

= � J1

J1 + J2
�g*

2 + � J2

J1 + J2
��g*

2 + 1�

= g*
2 + � J2

J1 + J2
� ,

in agreement with each of the above-mentioned models for
which the KNT has been developed. Thus, we obtain agree-
ment with the SHR model for J2 /J=1, J1 /J=0, where com-
ponent 2 is sulfuric acid. Equation �2.8� also agrees with the
quadratic free-energy surface model, wherein J1 and J2 rep-
resent components of the net nucleation flux through the
saddle point region. Multicomponent generalization of the
binary case is easily carried out and gives a similar result

� � ln J

� ln ni
�

T,�nj,j�i
= g*

i + �i, �2.9�

where �i=Ji /J and ni is the monomer number concentration
of species i. Note that the �Ji, giving the net currents for
molecular addition to the critical cluster, are positive quanti-
ties. Thus, 0��i�1 and 	�i=1.

Equation �2.9� suggests a local multilinear expansion for
ln J about some arbitrary reference steady-state condition

ln J = ln J0 + 	
i
� � ln J

� ln ni
�

0
d�ln ni�

= ln J0 + 	
i

�g*
i + �i�d�ln ni� , �2.10�

where the summation is over the number of condensable
components present in the vapor phase. On integration, and
neglect of higher-order terms, Eq. �2.10� gives

ln J � ln J0 + 	
i

�g*
i + �i��ln ni − ln ni

0� . �2.11�

A sub- or superscript “0” refers to a specific reference con-
dition �e.g., conditions at the centroid of an experimental
data set�. Equation �2.11� suggests a multilinear form for the
logarithmic rate in composition coordinates �ln ni�, expected
to be accurate over a limited range of composition for which
the coefficients can be treated as constants. The full nucle-
ation rate surface will, of course, be quite complicated and
nonlinear as critical cluster size varies with larger changes in
environmental conditions. The value of Eq. �2.11� is that, as
found empirically, there appears to be a strong propensity for
the linear regime to hold over a surprisingly wide rate range.
�Exceptionally cases exhibiting more complex behavior are
described in Sec. III E.� Application of Eq. �2.11� to analysis
and parametrization of nucleation rate measurements for the
ternary system will now be demonstrated.

III. MULTIVARIATE ANALYSIS OF A TERNARY
SYSTEM AT CONSTANT TEMPERATURE

In this section, we analyze measurements from Ref. 3 for
the p-toluic acid/sulfuric acid/water system. As already men-
tioned, nucleation rate measurements tend to support a strong
propensity to linear behavior when results are plotted in the
log�J� versus either log�S� or log�n1� coordinates suggest by
the NT/KNT. An analysis of higher derivatives of the nucle-
ation rate at constant temperature shows that this will be the
case when the variance of the distribution P�g� �Eq. �2.2�� is
small, as this variance turns out to be proportional to the rate
of change of ḡ with change in vapor concentration, which
will then also be small.13 This suggest writing the ternary
nucleation rate for the organic acid system, JT in the multi-
linear form of Eq. �2.11�, which on exponentiation yields

JT � JT
0� �H2SO4�

�H2SO4�0
�a+�a� RH

RH0
�b+�b� �Org�

�Org�0
�c+�c

. �3.1�

Here, RH is water relative humidity �saturation ratio �100�,
�H2SO4� is the concentration of sulfuric acid �cm−3� and
�Org� is the concentration of p-toluic acid in parts per 109
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�ppb� in the vapor phase. A sub- or superscript 0 again refers
to the reference condition. Consistency with Eq. �2.11� fol-
lows where a, b, and c are the number of molecules of sul-
furic acid, water, and organic acid, respectively, in the criti-
cal nucleus and �a, �b, and �c are the small quantities
�between 0 and 1� that relate to the direction of the nucle-
ation flux through the transition zone.

The experimental measurements are shown in Fig. 1.
Zhang et al.3 also include nucleation rate measurements for
the binary sulfuric acid-water subsystem �solid triangles in
the figure�. Although the effect is small here �as discussed
further in Sec. III B�, the ternary measurements �circles�
should be corrected by subtracting off the binary rate under
the presumption that, when all three components are present,
nucleation can occur through either the binary or ternary
pathways. We will assume these pathways are additive and
independent �see Sec. III B�. Accordingly, we subtract the
binary rate JB, measured for the sulfuric acid-water sub-
system �and fit using Eq. �3.9� below� from the measured
total rate J, when all three components are present, to obtain
the nucleation rate specifically for the ternary mechanism:
JT=J−JB. The measurements are expressed in �zi ,xi ,yi co-
ordinates, with the dependent variable listed first,
for i=1, . . . ,N. Here, N=18 is the number of ternary
measurements. We use the nucleation theorem-motivated
logarithmic coordinates z=log10�JT cm−3 s−1�, x
=log10�H2SO4,molecules cm−3�, and y=log10 �Org, ppb�.
Temperature �298	2 K�, RH �5%�, and total pressure
�760 torr� were hold constant during the measurements.

Analysis of the covariance matrix provides both an alge-
braic framework suitable for conventional least-squares re-
gression and a geometric framework suitable for visualiza-
tion of data sets in terms of principal coordinates.17 Matrix
elements are generated through the following sequence of
steps: �1� Compute the coordinate means �
z ,
x ,
y, and
the centered coordinates, w�i�= �zi−
z ,xi−
x ,yi−
y
��z̃i , x̃i , ỹi, �2� form the 3�3 covariance matrix, � �see Eq.

�3.4� below� whose elements are the variances and covari-
ances obtained by summing over the measurements

�z̃z̃� = N−1	
i=1

N

�zi − 
z��zi − 
z� ,

�3.2�

�z̃x̃� = N−1	
i=1

N

�zi − 
z��xi − 
x� ,

etc.
This construction is sufficient for linear regression

analysis of the measurements described below. A full princi-
pal components analysis �PCA� requires the additional step
of solving the eigenvalue problem associated with �. The
normalized eigenvectors of � are the principal component
basis vectors �v1 ,v2 ,v3� and the corresponding sorted eigen-
values ��1��2��3� give the variances of the data set along
the directions of the principal components.

The transformed �principal� coordinates, shown in
Fig. 2, are obtained as the scalar products: 1�i�=w�i� ·v1,
etc. According to the KNT �Eq. �2.11�� these points should to
first order be coplanar, lying in the �1 ,2� plane �orthogonal
to the principal coordinate of smallest variance, 3�. Apart
from a small amount of apparently random noise, this indeed
appears to be the case with no sign of any systematic curva-
ture present �Fig. 2�. The �1 ,2� plane is close to but not the
optimal planar fit to the data in the least-squares sense. The
optimal plane �hyperplane in higher dimension� has mini-
mum error variance and is known as the linear minimum
variance estimator �LMVE� for the data set.18 We will use
the LMVE, also obtained from the coordinate means and
covariance matrix, to parametrize the ternary nucleation rate.
For this purpose it is useful to write vectors and matrices in
block form, separating the dependent variable z from the
independent variable set �x ,y. Thus, for the mean


 = �
z


x


y
� � � 
z


xy
� �3.3�

with 
xy = �
x
y�T and, similarly, for the covariance matrix

FIG. 1. Measurements of Zhang et al. �Ref. 3� for the sulfuric acid/water
and sulfuric acid/p-toluic acid/water systems. Results are plotted in x-y-z
logarithmic coordinates �see text for description of coordinates� and pro-
jected onto the x-z coordinate plane. Filled circles, p-toluic acid
concentration=0.2 ppb. Open circles, p-toluic acid concentration=0.4 ppb.
Triangles, binary sulfuric acid-water measurements. Solid line, least-squares
fit to the binary data �Eqs. �3.9� and �3.10� for y→−��. Dashed curves,
nearly linear and parallel projections from the parametrized nucleation rate
surface of Eq. �3.10� evaluated at the two p-toluic acid concentrations.

FIG. 2. Ternary data set in principal coordinates projected onto the 1-3

plane. 1 is the principal axis along which the variance is greatest, 3 is the
axis along which the variance is least. Filled circles, p-toluic acid
concentration=0.2 ppb. Open circles, p-toluic acid concentration=0.4 ppb.
Measurements show no systematic deviation from the �1 ,2� plane.
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� = ��z̃z̃� �z̃x̃� �z̃ỹ�
�x̃z̃� �x̃x̃� �x̃ỹ�
�ỹz̃� �ỹx̃� �ỹỹ�

� = � �zz �z,xy

�xy,z �xy
� , �3.4�

where �xy is the lower right 2�2 block of �, �z,xy

= ��z̃x̃��z̃ỹ��, �xy,z= ��x̃z̃��ỹz̃��T, and �zz= �z̃z̃�. The LMVE for
the ternary nucleation rate, zT, takes the form18

zT = 
z + �z,xy�xy
−1
�x

y
� − 
xy� . �3.5�

Evaluating the means and covariance matrix elements
for the ternary data set, and substituting these into Eq. �3.5�
gives the result

zT�LMVE� = − 76.75 + 8.12x + 1.86y . �3.6�

The subscript refers specifically to the ternary mechanism
and Eq. �3.6� provides an especially compact parametrization
of the ternary nucleation rate. A measure of the quality of fit
is provided by R2, the coefficient of determination or fraction
of variance explained. The standard formula is �e.g., Far-
away�

R2 = 1 −
	i=1

N �zi − zT�2

	i=1
N �zi − 
z�2 = 0.98. �3.7�

Equation �3.6� could have been obtained directly from the
data set using any standard multilinear regression package,
and the analysis here, based on the covariance matrix, could
be considered “overkill.” Nevertheless, PCA provides a more
general framework that can also be used to identify the most
important species combinations participating in a nucleation
process, thereby potentially reducing the dimensionality of
the problem for cases that the number of species present is
large. It is anticipated that these considerations will be im-
portant in future studies of atmospheric nucleation
processes—e.g., in the correlation of field measurements of
new particle formation rate with trace species
concentrations—and for this reason we have described the
more general method.

A. Nucleus composition

The nucleation theorem, applied now to Eq. �3.6�, takes
the especially simple form, ��zT /�x�y =8.12=g*

H2SO4
+�H2SO4

; ��zT /�y�x=1.86=g*
Org+�Org. Taking into account

that the � values are positive and less than unity, we obtain
the critical nucleus molecular composition: approximately
eight sulfuric acid molecules and a single molecule of the
organic acid.

Assuming the measurement errors are Gaussian and
evenly distributed over the measurements, we determine the
confidence region associated with these estimates of nucleus
composition. The 95% confidence intervals for the coeffi-
cients in Eq. �3.6� are

g*
H2SO4

+ �H2SO4
= 8.12 	 0.57,

�3.8�
g*

Org + �Org = 1.86 	 0.66.

Although the best estimator points to a single molecule of
the organic acid present in the nucleus, the confidence inter-
vals of Eq. �3.8� do not exclude the �less likely� possibility
that two are present. Without variation of RH, the number of
water molecules present in the critical cluster cannot be de-
termined.

B. Total nucleation rate from the binary
and ternary pathways

Measurements for the binary sulfuric acid-water refer-
ence system �triangles� are also shown in Fig. 1. The least-
squares regression line is

zB = − 89.11 + 9.17x �3.9�

indicating approximately nine molecules of sulfuric acid in
the critical nucleus along the binary nucleation path.

Regarding the binary and ternary nucleation rates as oc-
curring through independent pathways, the total nucleation
rate will, as noted previously, be a sum of these: J=JB+JT.
Substitution from Eqs. �3.9� and �3.6�, respectively, gives

J�x,y� = 10−89.11+9.17x + 10−76.75+8.12x+1.86y . �3.10�

Equation �3.10�, with y set to the logarithms of each of the
two measured p-toluic acid vapor concentrations,
log10�0.2�ppb�� and log10�0.4�ppb��, gives the �nearly paral-
lel� surface projections shown by the dashed curves in Fig. 1.
The experimental data points are also shown on this log-log
coordinate scale suggested by the KNT and are seen to be in
excellent agreement with the fit. The solid line is the binary
fit obtained either from Eq. �3.9� or from Eq. �3.10� with
y=−�. The parametrized model rate from Eq. �3.10� is com-
pared with the totality of measurements, both binary and
ternary, in Fig. 3 together with the 1-1 line drawn for com-
parison. The agreement shows that Eq. �3.10� is an excellent
predictor of nucleation rate over the range of the measure-
ments.

FIG. 3. Comparison of parametrized model and measured nucleation rates.
Results are shown for the combined binary and ternary data sets. Modeled
rates are from Eq. �3.10�. The measured rates are the same as in Fig. 1. For
comparison the 1-1 line �dashed line� is shown.
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Figure 4 �solid curve� shows the total nucleation rate
from Eq. �3.10� for the constant values of vapor phase
sulfuric-acid concentration and RH indicated in the figure.
The figure shows binary behavior, characterized by insensi-
tivity of the nucleation rate to p-tolutic acid concentration
below about 10 ppt �parts per trillion�, a minimum detection
threshold for the organic of about 10–30 ppt, and abrupt
crossover to ternary behavior at higher concentrations. The
solid curve represents a cross section of the total rate surface
�Eq. �3.10��. Although this surface is more complicated than
the planar, single-path result, an extension of the nucleation
theorem gives the slope at any point along the solid curve in
terms of the flux-weighted critical nucleus composition over
the two distinct nucleation pathways

� � ln J

� ln�org��T,RH,�H2SO4�

= � � ln�JB + JT�
� ln�org� �

=
1

JB + JT

JB� � ln JB

� ln�org�� + JT� � ln JT

� ln�org���
=

JB

JB + JT
�0� +

JT

JB + JT
�1.86� . �3.11�

The quantities in parenthesis to the right of the last equality
give the coefficients of y, from Eqs. �3.6� and �3.9�, for the
binary and ternary pathways and these are weighted by the
flux ratios. Extension of the nucleation theorem to include
the idea of flux weighting over multiple paths was introduced
in Ref. 13. A similar two-pathway dependence was observed
by Wagner and Strey in a study of nucleation in supersatu-
rated water/n-nonane vapor mixtures.19

Analysis of the ternary measurements directly, i.e., with-
out correcting for the binary rate, yields in place of Eq. �3.8�
the slightly modified result

g*
H2SO4

+ �H2SO4
= 8.24 	 0.54,

�3.8��
g*

Org + �Org = 1.69 	 0.62,

having a slightly smaller error range and a slightly higher
value for R2. Equation �3.10�, which is based on inclusion of
both the binary and ternary channels, has the advantage of
reducing to the binary rate in the limit that the organic acid
concentration is small. On the other hand, correction for the
binary rate requires combining two different sets of measure-
ments, which in itself might account for the slightly larger
uncertainty.

Concentrations of sulfuric acid �SA� were measured by
cluster ion mass spectroscopy �CIMS� and errors by as much
as a factor of two could have affected the results. Systematic
error that results in, say, a simple overestimate of SA by a
constant factor will only shift the data points in Fig. 1 uni-
formly to the left with no change in slope or quality of fit
expected. The high R2 value associated with the planar fit to
the data of Fig. 1 would seem to rule out the presence of
large random errors in SA concentration measurement, but
cannot be used to rule out systematic errors of the kind de-
scribed.

C. Quasiunary nucleation rate

The LMVE plane described by Eq. �3.6� can be further
made to collapse to a single line by simply combining the
terms in x and y into an effective homomolecular monomer
concentration: n1

*= �H2SO4�x1�Org�x2. Here, x1=8.12 / �8.12
+1.86� and x2=1.86 / �8.12+1.86� are the relative fractions of
sulfuric acid and p-toluic acid in the critical nucleus �apart
from the � terms included here�. Equation �3.6� thus becomes

log10 JT = − 76.75 + �8.12 + 1.86�log10�n1
*� . �3.12�

Figure 5 shows the ternary data set in �log10 JT , log10�n1
*�

coordinates �circles� and comparison with Eq. �3.12� �solid
line�. The use of an effective homomolecular saturation,
similar to our effective monomer concentration, for con-

FIG. 4. Total nucleation rate from the combined binary and ternary path-
ways. Solid curve shows a cross section of the total rate surface �Eq. �3.10��
evaluated at the conditions annotated in the figure. Cross sections for the
contributing planar rate surfaces are shown separately for the binary �hori-
zontal dotted line� and ternary pathways �dashed line�. Note independence
of organic �p-toluic� acid concentration for the binary rate.

FIG. 5. Quasiunary replot of the ternary data set �corrected for binary rate�
in terms of the effective homomolecular vapor concentration.
n1

*= �H2SO4�x1�Org�x2, with �H2SO4� in units of molecules cm−3 and
�Org� �p-toluic acid concentration� in parts per 109. See text for meaning of
exponents. Filled circles, p-toluic acid concentration=0.2 ppb. Open circles,
p-toluic acid concentration=0.4 ppb. Solid line is the predicted result from
Eq. �3.12�.
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structing quasiunary treatments of binary nucleation rate has
been described previously for vapor-liquid nucleation20,21

and for bubble nucleation in superheated binary liquid
mixtures.22 Here, we have shown that such reductions in di-
mensionality are readily understood and accommodated
within the framework of PCA.

D. Other ternary organic acid systems

Nucleation rate measurements have recently been carried
out by Zhang et al. for the cis-pinonic acid/sulfuric acid/
water system.23 Here, measurements at three distinct cis-
pinonic acid concentrations provide the strongest evidence to
date that just a single molecule of the organic acid present in
the critical nucleus is sufficient to initiate a ternary nucle-
ation event. Details of the cis-pinonic acid measurements
will be reported in a future publication.

Measurements on several other ternary organic acid sys-
tems were also reported in Ref. 3. Besides the p-toluic mea-
surements analyzed above, the most extensive data set is for
the benzoic acid/sulfuric acid/water system. Nucleation rates
were reported as a functions of sulfuric acid concentration at
relative humidities of 4.6 and 5% RH, in each case with
benzoic acid concentration=0.1 ppb; and at 9.5% RH, with
benzoic acid concentration=0.04 ppb. Variable RH and acid
concentrations suggests extending the present methods using
four coordinates so as to obtain the complete molecular con-
tent of the critical nucleus, including the occupation number
for water molecules. We attempted such an analysis again
finding approximately eight molecules of sulfuric acid in the
critical nucleus. Uncertainties in the organic acid and water
occupation numbers, however, were found to be too large to
draw meaningful conclusions. Nevertheless, the difficulties
of analysis are instructive: In addition to the RH values of
4.6 and 5% being close together, vis-à-vis measurement un-
certainty, there is the important consideration of sulfuric acid
hydration in the vapor phase and the effect that this hydration
has on nucleation rate.14,15,24

CIMS, used in the experiments to determine sulfuric
acid vapor concentration, measures total sulfuric acid includ-
ing both its hydrated and unhydrated forms. Strictly, it is the
concentration of the unhydrated �free� acid that should ap-
pear in the law of mass action and in Eq. �3.1�, as it is the
free acid that relates to sulfuric acid activity in the vapor
phase. A further complication is that the extent of hydration
increases markedly from 5% RH, where there is no signifi-
cant hydration, to 9.5% RH where only about 30% of the
sulfuric acid molecules remain unhydrated. These estimates
were previously obtained23 through a reanalysis of CIMS
measurements of total sulfuric acid concentration over bulk
acid-water solutions of varying composition for which the
vapor phase concentrations of free acid and RH are reliably
known.25 The basic idea is that subtraction of the free acid
concentration from the CIMS measurements of total acid
yields an experimental-based estimate of the fraction of sul-
furic acid vapor tied up in hydrate form as a function of RH,
thus, providing a way to correct the CIMS measurements to
free sulfuric acid concentration if required.24

Assuming 30% free acid at 9.5%RH and 100% free at

5% RH �there is some uncertainty in these values due to the
reported error bars of the CIMS measurements� gives a linear
relation between the occupation numbers of water and or-
ganic acid in the critical nucleus. Neither occupation number
can be determined separately without a broader range of
measurements, however, if one occupation number is known
the other is determined by the linear relation. For example,
assuming that only one molecule of benzoic acid is present
in the critical nucleus �as was found for the p-toluic acid
system� yields an approximate occupation number for water
molecules of 17. This very rough analysis, together with the
eight molecules of sulfuric acid more firmly established, in
principle, determines the full nucleus composition. �Note that
even if there were hydration in the p-toluic acid system at
5% RH, the analysis of the previous subsections would still
hold because the RH was constant. The abscissa of Fig. 1
would then refer to total acid concentration, as measured by
CIMS. Any replot of the data in terms of free acid would
simply result in a uniform horizontal shift of points and lines
with no change in slope.�

E. Limitations of multilinear analysis

The simple transition state model introduced in Sec.
II B, used as the foundation for the multilinear analysis of
Secs. II and III, works under the assumption that only a
single critical cluster is present. That argument was extended
in Sec. III B to allow for the possibility of two types of
critical nuclei—a binary nucleus with no p-toluic acid
present and a ternary nucleus containing sulfuric acid, water,
and p-toluic acid. There it was shown that two planar sur-
faces could be merged in such a way �cf. Eq. �3.10�� so as to
accurately describe the case that the overall nucleation rate is
a sum of the binary and ternary rates �Fig. 3�. A simple
extension of the nucleation theorem �Eq. �3.11�� gave the
relative rate sensitivity in terms of the flux weighting for the
two distinct nucleation paths.

Examples of binary and ternary nucleation systems can
be found where the measurements cannot be represented sat-
isfactorily using either the single plane or the two merged
plane configurations. Strey et al.26 show a curved binary
nucleation rate surface, J�a1 ,a2�, for water and n-pentanol
plotted in terms of the vapor phase activities, a1 and a2,
respectively, of these two components. Viisanen and Strey27

show a highly curved three-dimensional rate surface: a con-
stant rate cross section of the four-dimensional nucleation
rate hypersurface, J�a1 ,a2 ,a3�, for the ternary system water/
n-nonane/n-butanol. Two-dimensional projection of that con-
stant rate surface onto the water/n-nonane coordinate plane
appears to be well described by the two-pathway model with
critical nuclei consisting of either pure nonane or pure water,
but similar projections for the water/n-butanol and n-nonane/
n-butanol subsystems exhibit more complicated behavior.

By extension of the two-path analysis, systems with
multiple nucleation pathways may be expected to show this
kind of more complicated behavior. In their recent paper,
Nellas et al. applied Monte Carlo simulation to a systematic
study of binary nucleation in the n-nonane/1-alcohol series.28

Experimental activity curves of a2 versus a1 at constant
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nucleation rate, where a1 refers to the n-nonane vapor phase
activity and a2 the other component, were compared with
simulation results and the curvature properties for each mix-
ture interpreted using contour maps calculated for the nucle-
ation free energy surface from Monte Carlo simulation. For
the n-nonane/water and n-nonane/methanol systems, just two
favorable nucleation paths are evident from the contour
maps. However for the higher alcohols, including for the
n-nonane/1-butanol mixture, a subsystem of the ternary case
cited above, highly elongated saddle regions were found. Ac-
cording to the authors, the indication here is that nucleation
can proceed through multiple channels in contrast to the
usual one or two channels seen for other binary systems.
These unusual results were interpreted as arising from “a
nearly perfect balance between the tendency to mix and the
tendency to demix among the n-nonane and the alcohol
molecules.”28 These studies show that simple multilinear
methods will not always work, and provide foundation and
motivation for future extensions to curved nucleation rate
surfaces beyond the scope of the present study. We anticipate
that nucleation theorems, generalized to include flux weight-
ing along the lines of Eq. �3.11�, will continue to provide
theoretical foundation for analysis of these more complex
systems.

IV. SUMMARY AND DISCUSSION

The present study shows how the nucleation theorem
and multivariate statistical methods can be effectively com-
bined for interpretation and parameterization of laboratory
measurements of nucleation rate involving multiple vapor
species. Rooted in the law of mass action and principle of
detailed balance, through the nucleation theorem, the new
approach incorporates very general statistical-
thermodynamic properties of molecular clusters without re-
quiring the capillarity drop approximation of classical nucle-
ation theory. Thus, macroscopic drop properties such as
density, surface tension, and equilibrium partial vapor pres-
sures over the condensed phase are not required.

The new methods were illustrated using recent measure-
ments on a mixed organic-inorganic system of potential im-
portance to atmospheric new particle formation: p-toluic
acid/sulfuric acid/water. A key product of the analysis was
generation of the LMVE of nucleation rate from the first and
second-order moments entering the covariance matrix of the
data set. This was shown to provide an especially compact
and accurate parameterization of the measurements rooted in
the physics of the nucleation process. From the nucleation
theorem and the coefficients of the LMVE, it was determined
that the critical ternary nucleus contains just one �less likely
two� molecules of p-toluic acid, and approximately eight
molecules of sulfuric acid. It would be of great interest to
compare these measurement-derived and largely model-free
values with calculations of critical nucleus properties for this
system carried out using molecular-based simulation meth-
ods. Steps in this direction have already been taken with
quantum chemical calculations reported for cis-pinonic acid/
sulfuric acid/water clusters in a future publication.23

We close by pointing out several potential applications

of the present methods to atmospheric new particle forma-
tion beyond the analysis of relevant laboratory measurements
as already described. Homogeneous nucleation in the atmo-
sphere involves mixtures of trace chemical gases, the most
prominent by far being water vapor with other active species
such as sulfuric acid, ammonia, and condensable organic va-
pors being present in truly trace amounts. Histograms of the
logarithm of the mixing ratio for atmospheric traces gases
often show Gaussian behavior, implying approximately log-
normal concentration distributions.29 In this case, the inde-
pendent variables x and y appearing on the right hand side of
Eq. �3.6� will be to good approximation Gaussian distributed,
and Eq. �3.6� then implies that the distribution of z, the loga-
rithm of the nucleation rate, will also be Gaussian distributed
as linear transformations of Gaussian variables preserve
Gaussian character. Inspection of Eq. �3.6� shows the occu-
pation numbers of the critical nucleus serving as gain factors,
which amplify the effect of fluctuations in trace species con-
centration on fluctuations in nucleation rate. The larger the
occupation number the more thresholdlike becomes the
nucleation rate. The new methods should provide a useful
tool for analysis of fluctuations as well as mean nucleation
rate.

Multivariate analysis allows for a more flexible data ac-
quisition that can proceed even when several independent
variables change simultaneously from one measurement to
the next: It is not required that measurement protocol be
designed to scan one degree of freedom at a time. This fea-
ture should be especially useful during acquisition of atmo-
spheric field data, and in other situations where there is little
or no control over environmental conditions.

Further work is needed to extend the new methods from
nucleation to the quantitative analysis of atmospheric new
particle formation. The main difficulty is that nucleation gen-
erates particles in the 1 nm range, which is below minimum
detectable particle size of about 3–4 nm using current mea-
surement technology. Additional work is needed to account
for the influence of background aerosol on nucleation rate
and to sort out postnucleation processes including particle
growth, by condensation and coagulation, and scavenging of
nucleated particles and vapor during the growth stage before
the particles reach detectable size.30
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