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An examination of Kohler theory resulting in an accurate expression
for the equilibrium radius ratio of a hygroscopic aerosol particle valid
up to and including relative humidity 100%
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[11 The equilibrium hygroscopic behavior of an aqueous solution drop is investigated
using the Kohler model to relate the radius ratio § = r/rgqyy, where rg,y is the
volume-equivalent dry radius, and the fractional relative humidity /4. The K&hler equation
is derived and results obtained from it are presented for three situations: when the
effect of surface tension can be neglected, for 2 = 1, and for cloud-drop activation. The
exact solution to this equation is presented, as is an accurate approximate solution

for & < 1 that yields insight into the dependences of the equilibrium radius on relative
humidity, surface tension, and dry radius. The approximations made in the derivation of
the Kohler equation are examined, errors in quantities obtained from this equation are
quantified, and the so-called Debye approximation is introduced which allows accurate
parameterization of these errors as a function of r4,y. Errors in the radius ratio at
activation obtained from the Kdohler equation are up to 20% for ammonium sulfate
solution drops of the size that typically form cloud drops. Attempts to extend the Kohler
model to higher concentrations are examined, and it is seen that the primary cause of
inaccuracy in the model is the assumption that the practical osmotic coefficient is unity.
On the basis of this analysis, a simple two-parameter expression is presented for the
equilibrium radius ratio as a function of /4 and 4., that is accurate over a wide range

of 74ry and for 4 up to and including unity.

Citation:

Lewis, E. R. (2008), An examination of Kohler theory resulting in an accurate expression for the equilibrium radius ratio of

a hygroscopic aerosol particle valid up to and including relative humidity 100%, J. Geophys. Res., 113, D03205,

doi:10.1029/2007JD008590.

1. Introduction

[2] Many atmospheric acrosol components of interest are
hygroscopic, meaning that a solution drop composed of one
of these substances readily takes up water with increasing
fractional relative humidity # (=RH/100%). Consequently,
the equilibrium radius » of such a drop exhibits a strong
dependence on /. As r is an intrinsic property of an aerosol
particle, controlling its dynamics, light-scattering, dry de-
position, and the like, knowledge of this dependence is thus
necessary to understand and parameterize many aerosol
processes, both in the atmosphere and in the laboratory.

[3] The radius of an aqueous solution drop containing a
specified mass of given solute is an unambiguous measure
of the solute concentration, and at a given temperature
uniquely determines important properties such as water
activity, index of refraction, density, and surface tension.
This concentration can thus be parameterized by the equi-
librium radius ratio § = r/r4r, Where the volume-equivalent
dry radius 74y is defined in terms of the mass of solute in
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the drop mgry, and the bulk dry density of the (anhydrous)
solute pary by rary = [3mdry/(47rpdry)]l/ 3. This volume-equiv-
alent dry radius is not necessarily equal to the physical
radius of a dried particle, or to a measured quantity such as
the mobility radius (because of nonsphericity of the particle,
the presence of residual water either within the particle or on
its surface, or the presence of voids which would result in
the density being different from that of the bulk solute);
nevertheless, 74y, is a physically meaningful measure of the
size of such a particle, and together with specification of
Pary Provides an unambiguous measure of the solute mass
[Lewis, 2006].

[4] When exposed to a given relative humidity, a hygro-
scopic aerosol particle will exchange water substance, thus
changing its radius (and radius ratio), until the vapor
pressure of water adjacent to the drop is in equilibrium
with this relative humidity. At a given temperature, this
equilibrium vapor pressure, and thus the equilibrium radius
ratio &, is controlled by two factors: vapor-pressure lowering
due to the presence of the solute, the Raoult effect [Raoult,
1887], and the increase in equilibrium vapor pressure from
that of the bulk solution caused by the curvature of the drop,
the Kelvin effect [Thomson, 1871].

[5] The Raoult effect reduces the water activity of the
solution a,, from that of pure water (unity) by an amount
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that increases with increasing solute concentration. The
dependence of a,, on solute concentration has been mea-
sured for many substances using bulk solutions that are
undersaturated with respect to the solute, and using solution
drops supersaturated with respect to the solute that are
suspended in an electrodynamic balance or are in a hygro-
scopic tandem differential mobility analyzer. For dilute
solutions the vapor-pressure lowering is nearly directly
proportional to the concentration (Raoult’s Law), although
for higher concentrations this relationship becomes increas-
ingly less accurate.

[6] The Kelvin effect results in an increase in the equi-
librium vapor pressure of water above an aqueous solution
drop by the factor exp{2v,,0/(RTr)}, where v, is the partial
molal volume of water in the solution, o the surface tension
of the solution-air interface, R the gas constant, and 7 the
absolute temperature [7ang, 1976]. A characteristic length
scale for the Kelvin effect can thus be defined [Lewis, 2006]
by r, = 2v40/(RT), allowing the Kelvin effect to be
parameterized in terms of the ratio of {, = r,/rgry and &
The quantities vy, and o, and thus 7., depend on the solute
and its concentration, and for most inorganic salts of atmo-
spheric interest 7, is an increasing function of solute concen-
tration and thus a decreasing function of a, or of / for a
given g4y, (although for organic solutes this might not be so).
The quantity 7, is defined as the value of r, calculated
with v, and o taken as their values at infinite dilution (that
is, of pure water), and the quantity £, is defined similarly as
£6.0 = T'5.0/Fary- Both 7, and 7, depend weakly on temper-
ature, but over a wide range of temperatures r, o is approx-
imately equal to 1.1 nm, typically varying by less than 10%
from this value between 0 and 25°C.

[7] The relation between the fractional relative humidity
h in equilibrium with an aqueous solution drop with radius
ratio ¢ and corresponding water activity a,, which incorpo-
rates both the Raoult effect and the Kelvin effect, is given by

h=a@en{ =}, (1)

where the dependences of both ay, and &, on concentration
are explicitly written as dependences on . This relation, for
a given rgy, is essentially a transformation between /4 and
a,,. Contours of constant /4 as a function of a,, and 7y, and
contours of constant a,, as a function of 4 and ry, are
shown in Figure 1 for solution drops of ammonium sulfate
and sodium chloride (as surface tension measurements have
not been reported for solutions that are supersaturated with
respect to the solute, corresponding to water activities below
0.80 for ammonium sulfate and 0.75 for sodium chloride,
values of r, in this range of a, are determined from
extrapolation of a linear fit of r, versus a,, for solutions that
are undersaturated with respect to the solute, as described by
Lewis [2006]). For large drops /4 and a,, are nearly equal,
but with decreasing 4., a given value of a,, corresponds to
larger values of 4 because of the increasing importance of
the Kelvin effect, permitting drops to remain in equilibrium
at values of % greater than unity.

[8] As &, is determined solely by £ and rgy, for a given
solute and temperature, equation (1) can be formally
expressed as h = h(, £,). However, it is often desirable
to determine £ for a given value of 4, as the relative
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humidity is typically the controlling variable. Thus it is
necessary to invert the above relation for 4 to yield an
expression of the form & = £(h, £,), where the dependences
on surface tension and 74y (i€., the Kelvin effect) are
contained only in &,. For situations in which the Kelvin
effect is negligible, such as sufficiently large drops at values
of & not extremely close to unity (referred to as bulk
solution drops throughout this paper), the exponential factor
in equation (1) is very nearly unity and to good approxi-
mation 2 = au(§), which can be inverted (at least in
principle) to yield a relation of the form & = £(ay,) = &(h).
Determination of such an expression for ¢ for situations in
which the Kelvin effect is not negligible is not in general
possible, but if this effect is slight it can be treated as a small
perturbation, and an approximation that is accurate over a
wide range of fractional relative humidities and particle sizes
for several substances of atmospheric interest is given by

h(1L—h)

f(h7 rdr}’) ~ g(h) 3(rdry/nm)

(2)

[Lewis, 2006]. With increasing s, however, this approxima-
tion becomes increasingly inaccurate, and the perturbation
analysis ultimately fails.

[v] An alternative approach to determining £ for given
h and rgr is discussed below, and a simple but accurate
expression is presented for & as a function of 4 and &, that is
valid up to and including # = 1. Such an expression has
several advantages: it allows insight into the dependences of
the radius, or radius ratio, on relative humidity and dry
solute mass, provides a formulation by which hygroscopic
growth data can be parameterized, and permits ready
evaluation of the radius of a drop with given mass of a
known solute without the need for more complicated
models in which it must be calculated iteratively and in
which the dependences on relative humidity and dry solute
mass are not clearly identified. Thus this expression may be
useful for global climate models, for instance, where large
spatial scales preclude the need for extreme accuracy and
where computational expense is a consideration.

2. Kohler Model

[10] A widely used model relating the fractional relative
humidity 4 and the equilibrium radius ratio £ of an aqueous
solution drop containing a given mass of solute character-
ized by 74y is that proposed by Kéhler [1921]. This model,
which accounts for both the Raoult effect and the Kelvin
effect, is standard textbook fare and has proven quite
successful in explaining many of the phenomena associated
with hygroscopic growth that occur at relative humidities
near or above 100%, such as cloud drop activation. Addi-
tionally, it is the basis for more complicated models often
purported to be valid over a wider range of relative
humidities, and for those that include effects of insoluble
inclusions and other substances [e.g., McKinnon, 1969;
Junge and McLaren, 1971; Hdnel, 1976; Pruppacher and
Klett, 1978; Chen, 1994; Shulman et al., 1996; Laaksonen
etal., 1998; Li et al., 1998; Hori et al., 2003; Kulmala et al.,
2004; Tammet and Kulmala, 2005]. Because of its impor-
tance and widespread application, examination of this
model to determine the range of conditions under which it

2 of 17



D03205

LI III T T T LIELLELEL
10 o
_ ~=-h=1.00
0.9 _/," —
(U; ’ /, — :h=090.—- -
- — -
> 08| -~ _—
= L, — h=0.80""~
= — -
L _ -~ —
& O[T _ =070
O _
s 8T~ _=h=060—"T
=
= 05 = -7 —
- === (NH,);S0,
04 — — NaCl —
11 III 1 1 1 L1 1 11
5678 2 4 5678
1 100
Dry radius, ry,/nm
N 1.05 ‘\IIIII 1 1 LI L
I
_'g 1.00 § \\‘\ \\\\ \ aw=0.99 e
N . =~ 3a,=0.95.
2o Y Qv W%
o N -~
> ' ~'a,=0.90 .
T 00K\ =
o) NN
—= 085 NUso —
S NN
S ~"a,=0.80 __|
B 080 ---- (NH,),S0, =
uﬂi — —NaCl
0.75
10 100
Dry radius, ry,/nm
Figure 1. (top) Contours of constant fractional relative

humidity # as a function of water activity a,, and dry
radius 74y and (bottom) contours of constant a, as a
function of 4 and rgy, calculated from equation (1) for
solution drops of ammonium sulfate and sodium chloride.
Contours of ay, = 0.99 end at values of 4 corresponding
to activation.

may be expected to yield accurate results is warranted.
Hence it is necessary to consider the approximations inher-
ent in the model and the assumptions required, their
satisfaction, and the consequences of the failure of them
to be satisfied, to determine which approximation limits
accurate extension of the model to higher concentrations,
and to quantify the errors resulting from its application.
[11] In the following sections the basic Kohler model is
examined and the Koéhler equation, expressed in terms of
dimensionless quantities, is derived. Results obtained from
this model are briefly reviewed, and its accuracy in several
situations is quantified. A theoretical explanation for the
errors resulting from the model in the so-called Debye limit
is given in Appendix A. Although the analysis presented
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below is applicable for any inorganic solute that dissociates in
solution, specific examples are provided for aqueous solution
drops of two common atmospheric constituents, ammonium
sulfate and sodium chloride, at 25°C. Not only are these two
substances important in their own right, but results for them
provide estimates for the magnitude of values for other
substances and some indication of the range of values that
might be expected. Although measurements of water activities
over the entire range considered here have not been reported
(for example, measurements have not been reported for water
activities of ammonium sulfate solutions with molality less
than 0.13 mol kg ', corresponding to water activities greater
than 0.995), formulations of water activity that extend to lower
concentrations (i.e., higher water activities) based on theory
and on measurements of other physical and chemical proper-
ties have been developed which are expected to be accurate.
The values used here are calculated from the formulations
presented by Clegg et al. [1995] for ammonium sulfate
solutions and Clegg et al. [1997] for sodium chloride solutions.

2.1. Derivation of the Kohler Equation
[12] The water activity a,, of an aqueous electrolytic

solution containing a single solute with molality m is given
by [Lewis and Randall, 1961]

ay = exp(—opvMym), (3)

where M,, is the molar mass of water, v the number of ions
into which it is assumed that each molecule of solute
dissociates upon dissolution, and ¢ the practical osmotic
coefficient, which depends on the solute and its concentra-
tion; departures of ¢ from unity result from nonideality and/
or incomplete dissociation. The molality can be expressed in
terms of &, the density of the solution p, and the apparent
molal volume of the solute V,, (which also depends on
solute type and concentration), the latter quantity being
defined as the difference, per mole of solute, between the
volume of the solution and the volume of the water
(calculated as the mass of water divided by the density of
pure water py,):

Lfems_1) "

V= —
Tm| p Py

where M is the molar mass of the solute. This equation can
be rearranged to yield

l—i-mMS:pV@+ I p

4b
o M (4b)

mMs p,,’

where the left-hand side of this equation, the ratio of the mass
of'the solution drop to the solute mass, can be also expressed as

1 +mM; pr’

_ P
= =—¢&. (5)
mM; pdryriry

Equating (4b) and (5) and solving for m yields

N 53 _ pdry VO
M
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(and demonstrates that solute concentration can be parameter-
ized by &).

[13] Substitution of equations (3) and (6) into equation (1)
and taking the logarithm of both sides yields

& o
Inh 3 o PayVs’ (7)
M

where the constant ¢ = [v(My/Ms)(pary/ pw)]”3 is near unity
for most substances of interest, being equal to 0.90
for ammonium sulfate (v = 3) and 1.10 for sodium chloride
(v = 2), and intermediate to these two values for many
inorganic solutes: 0.94 for ammonium bisulfate (v = 3),
0.93 for letovicite [(NH4)3H(SO4),] (v = 6), 0.92 for ammo-
nium nitrate (v = 2), 1.01 for ammonium chloride (v = 2),
1.01 for sodium sulfate (v = 3), 1.03 for sodium bisulfate
(v = 3), and 0.99 for sodium nitrate (v = 2). Equation (7)
is exact, so long as the dependences of &,, ¢, and V,; on
solute concentration are taken into account.

[14] To arrive at what is typically called the Kohler
equation several approximations are made, each based on
the assumption that the solute concentration is low and thus
that & is large and / is near unity. First, the quantity In 7 is
approximated as —(1 — /). Next, the values of v, and o are
taken as their values for pure water, with the result that £, is
replaced by &, (such an approximation is expected to be
accurate for inorganic solutes, although it might not be for
surface-active substances, which even in very low concen-
trations can drastically reduce the surface tension of the
solution-air interface). Next, the quantity par, Vs/Mj is omitted
as being negligible compared to £, the ratio of these
quantities being the one minus the fraction of the volume of
the solution occupied by the water, calculated as the mass of
the water divided by the density of pure water (as the
volume of the solution is not necessarily equal to the sum of
the volumes of the water and of the solute, calculated as
their masses divided by their respective densities, the ratio
of paryVe/Ms to € is not necessarily the same as the volume
fraction of the solution occupied by the solute). Finally, ¢ is
taken as unity, its limiting value for infinitely dilute
solutions. This approximation, together with the assumption
that In /4 can be accurately approximated by —(1 — h),
implies that the decrease in the water activity because of the
presence of the solute (i.e., the vapor-pressure lowering) is
equal to number of moles of ions per mole of water.

[15] With these approximations equation (7) can be
written as

3
~(1-n =25, )

often termed the Kohler equation, solution of which yields
the equilibrium radius ratio ¢ solely in terms of 4 and the
dimensionless constants &, and ¢, of which only &,
depends on rg4,, and only ¢ depends on the solute. The first
term on the right hand side of this equation, which contains
the dependence on surface tension, is denoted the Kelvin
term and the second term the Raoult term, their ratio
quantifying the importance of the Kelvin effect to the
equilibrium relative humidity.
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[16] Although it is difficult to draw general conclusions on
the accuracy of the Kohler model over a wide range of drop
size, solute type, and fractional relative humidity, results are
presented below for three situations, each of different relative
importance of the Kelvin term to the Raoult term: when the
Kelvin effect is of negligible importance (i.e., bulk solution
drops); & = 1; and activation, which occurs when /4 attains the
maximum value for which equilibration can occur. For
situations in which the Kelvin effect can be neglected, &
can be determined from equation (8) as

C

SR TETUES

©)

As h approaches unity, the Kelvin term becomes increas-
ingly important, and for / equal to unity, when the Kelvin
term and Raoult term are equal in magnitude, the radius
ratio & can be obtained from equation (8) as

(10)

and the radius 7, is given by

33 1/2
- (c rdry> .

o0
As h increases above unity the drop becomes supersaturated
with respect to water vapor (with supersaturation s =4 — 1),
and & increases until at a value of 4, denoted /.., the drop is
said to activate; for larger values of /4 equilibrium is not
possible, and the drop continues to grow without bound. At
activation the magnitude of the Kelvin term is three times

that of the Raoult term, and according to equation (8) the
radius ratio &, is given by

1/2
3¢
éact - <§_O> = 31/2&17

and the radius 7, by

2

3C3r3ry 1/2

Pact = =37r.
5,0

(1)

(13a)

The supersaturation at activation, also known as the critical
supersaturation, is obtained from equation (8) as

32 32,
s = 2(S0) g (o0 )T 210,
3¢ 3crary 3 Fact

Thus, on a log-log plot, graphs of r; versus rg, and ry
Versus rqy, are straight lines with slope 3/2, and a graph of
Sact VEISUS 74y is a straight line with slope —3/2; these are

(14a)
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Figure 2. (top) Radius at 7 = 1, r, as a function of dry

radius rqy, for solution drops of ammonium sulfate and
sodium chloride, and values according to the Kohler model
given by equation (11). (bottom) Fractional error in 7 (or in
&) calculated from the Kohler model given by equation (27)
and in the Debye limit given by equation (29).

shown for solution drops of ammonium sulfate and sodium
chloride in Figures 2, 3, and 4, respectively.

[17] Equations (13a) and (14a) can also be written in a
form that readily allows calculation as

1/2
_ Tdry
Tact = Fdry | —= )
r

where 7 = ro’o/(3c3 ) is approximately equal to 0.51 nm for
ammonium sulfate and 0.27 nm for sodium chloride, and

~ 2
r ¥y
Sact = | —— P
Vdry

where 7= 2% 3r(,,o/(3c) is approximately equal to 0.65 nm for
ammonium sulfate and 0.53 nm for sodium chloride.
Additionally, equation (14a) can be inverted to yield 74y,
the value of the dry radius of the smallest particle that will
activate at given supersaturation:

(13b)

(14b)

Fo0 (2)2/3N 0.58nm (1)

Fdrye = &5 | — N
& 3c \s c-s3

Thus, for example, at (0.1, 0.5, 1.0)% supersaturation, for
which s = (0.001, 0.005, 0.01), activation will occur for
ammonium sulfate drops with r4y, > (65, 22, 14) nm and
sodium chloride drops with 74, > (53, 18, 11) nm.
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2.2. Solution and Approximate Solutions to the Kéhler
Equation for 2 <1

[18] For A less than unity, equation (8) can be expressed
in an alternative form though introduction of the scaled
radius ratio z = (£/c)(1 — k)" and the scaled Kelvin factor
£ = (E,0/0)/(1 — h)*? as

P4 —1=0,

(16)

where the second term in the equation is the Kelvin term
and the third term is the Raoult term (similar analysis could
also be applied to the situation # > 1, thus including
situations pertinent to cloud drop activation). The quantity &,
which is an increasing function of / and increases without
bound as % approaches unity from below, characterizes the
importance of the Kelvin effect; for ¢ < 1 this effect is
unimportant, but as € approaches unity this effect becomes
increasingly important.

[19] Although not apparent in equation (8), for which &
depends upon the three quantities 4, &, and c, the solution
to equation (16) depends only upon . As this equation is a
cubic, it can be solved analytically for z(¢), from which &
can be obtained as an explicit function of 4 for given r4y.
For any positive ¢ greater than its minimum value &, o/c
(equivalently, for any 4 such that 0 < 4 < 1) there is one real
positive solution given by

—e 1 & 1S\ v
ZZ‘?*’(E‘E)*(Z‘E)

1/3
12
1 & 12\
+-2)-(3-2) | . (17)
2 27 4 27
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Figure 3. (top) Radius at activation 7, as a function of
dry radius ry,, for solution drops of ammonium sulfate and
sodium chloride, and values according to the Kéhler model
given by equation (13a). (bottom) Fractional error in 7, (or
in &) calculated from the Kéhler model and that in the
Debye limit given by equation (30).
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Figure 4. (top) Supersaturation at activation s, as a

function of dry radius g, for solution drops of ammonium
sulfate and sodium chloride, and values according to the
Kohler model given by equation (14a). (bottom) Fractional
error in s, calculated from the K&hler model and in the
Debye limit given by equation (A18).

shown in Figure 5. However, this expression, although
exact, provides little insight into the functional dependence
of z upon ¢ (or of § upon % and r4y), and approximate
solutions prove easier to use and can be extended to
situations in which the basic assumption made in the
derivation of the Kohler equation (i.e., low solute
concentration) is not satisfied.

[20] Solutions to equation (16) can readily be obtained for
the limits € < 1 (when the Kelvin effect is unimportant) and
€ > 1 (h very near unity). In the first limit z = 1, which is
equivalent to equation (9), £ being a power law in (1 — /)
with exponent —1/3, and in the second limit z = 571/2,
which yields the value given by equation (10) for &i;
solutions for both of these limits are also shown in
Figure 5. The lowest-order correction to the solution of
equation (16) in the limit ¢ < 1 can be obtained by
assuming z = zy + €z; + ..., where zo = | and each
successive term contains a higher power of €. This proce-
dure results in z; = —1/3 and thus z =~ 1 — &/3, or
equivalently,

¢ _ (ro0/rary)
(—m" 3=k

£~ (18)

consistent with the lowest-order Kelvin correction to the
radius ratio [Lewis, 2006] for a power law of the form given
by equation (9) for 4 near unity; compare equation (2). This
expression for z, shown in Figure 5, agrees with the exact
solution to within a few percent for ¢ < ~0.5, but the
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agreement rapidly diminishes with further increase in e.
This procedure could be continued to yield higher-order
corrections, but such an attempt would be of little value
because of the approximations that were made to obtain the
Kohler equation.

[21] Approximate solutions can be found that apply over
the entire range of positive € (& < 1) and that have the
correct limit for large £ and the correct limit and lowest-
order correction for small e, but good accuracy can be
obtained by simpler expressions, such as z = (1 + &"%)~'"
for n > 0. This expression, which yields the correct limits
for both ¢ < 1 and € > 1, can be quite accurate: for n = 2.5
it agrees with the exact solution to within 1.5%, and for n =3
(shown in Figure 5) to within 6%, for all positive €. The
approximate solution for n =3, z = (1 + ¢?) "3, is used
here because of its accuracy and simplicity, and because it
can readily be extended to situations for which the basic
assumption used to derive the Kohler equation is not
satisfied, as is done below. Although this expression does
not provide the correct functional dependence on 74y, of the
lowest-order correction given by equation (18), this is not of
great consequence, as this correction is relatively unimpor-
tant in situations for which it is sufficiently small that
higher-order corrections are not required. In terms of the
radius ratio this expression can be written as

C c

€: =

{1 Sy (%—;”)3/2} : (1= *%)1/37

where & is the value of the radius ratio at 2 = 1 given by
equation (10) for the Kéhler model.

(19)
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Figure 5. (top) Solution z (scaled radius ratio) to
equation (16) for 2 < 1 as a function of scaled Kelvin
factor €. Also shown are the limiting solution and lowest-
order correction for small e, the limiting solution for large ¢,

. . 3/2\—1/3 ;
and approximate solution (1 + &7)” '~. (bottom) Fractional
error in the limiting and approximate solutions.
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Figure 6. Factors F, Fx, Fgr, I, and F; quantifying the
approximations made in deriving equation (8) as a function
of fractional relative humidity % (for F},) or water activity a.,
(for other factors) for solution drops of ammonium sulfate
and sodium chloride. Each factor is equal to unity for
abscissa equal to unity.

[22] The expression for £ given by equation (19) satisfies
the equation

~a-n =S fE] (20)

¢ l&) &

which differs from equation (8) only by the factor [£/£;] in
the Kelvin term. This factor, equal to ze'’%, is less than unity
for 4 < 1, but as the Kelvin term is important only when ¢ is
nearly equal to &; (when the factor is nearly equal to unity),
the consequences of the approximation that this factor is
unity are slight (Figure 5). In essence, equation (19) follows
from the assumption that the Kelvin term evaluated at ¢,
applies to all situations. As £ < &, for & < 1, evaluation of
the surface tension term at &; results in an underestimation
of the Kelvin correction and thus an overestimation of the
radius (and radius ratio) in this range of relative humidity
(and an underestimation for # > 1). The result of this
assumption is that the expression for ¢ in terms of % is the
same as that given by equation (9) for which the Kelvin
effect is neglected, but with / decreased by &, ¢/€;, which is
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equal to the Kelvin correction at 7 = 1; for ¢ = 1, this
decrease is approximately equal to (0.04, 0.01, 0.003,
0.001) for r4ry, = (10, 25, 50, 100) nm. A graph of £ versus £
according to equation (19) is obtained from that for which
the Kelvin correction is neglected by shifting the curve to
the right by a constant amount &, ¢/{;; as the graph of ¢
versus / is fairly flat for 4 appreciably less than unity (when
the Kelvin effect can be neglected), such a horizontal shift,
even though much greater than that due to the Kelvin effect
at these values of 4, results in very little error.

2.3. Critical Examination of the Kéhler Equation

[23] Quantification of the approximations made in the
derivation of the Kéhler equation, equation (8), from the
exact expression, equation (7), allows determination of
the range of conditions for which the Koéhler equation can
be expected to yield accurate results and identification of
which approximation limits extension of the model to more
concentrated solutions and to values of / farther from unity.
This process is achieved by rewriting equation (7) as

(21)
where the factor in brackets on the left-hand side of the
equation is denoted F}, the factor in brackets in the Kelvin
term is denoted Fx, and that in the Raoult term Fg, which
can be written as the product of two factors, /', = ¢ and

V“ -1
F55(1—p“‘y;’) .
M€

Although F), depends on 4, the other factors depend only on
solute concentration (for given solute and temperature),
which can be parameterized in terms of the water activity
ay,. Equation (21) is exact; the Kohler equation follows from
the assumption that each of the factors Fj, Fk, and Fy is
equal to unity. However, it is not the individual factors £,
Fk, and Fy that determine the accuracy of results obtained
using the Koéhler model, but the differences of the ratios
Fr/F), and Fy/F), from unity, where in computing these
ratios for a given solute the value of a,, corresponding to a
given h, which depends on the value of r4, according to
equation (1), must be used. Of course the relative
importance of the terms themselves must be considered;
for instance, in situations for which the Kelvin effect is
negligible the factor Fy, and thus the ratio Fyi/F), has
virtually no effect on the equilibrium radius ratio.

[24] These factors are displayed in Figure 6 for solution
drops of ammonium sulfate and sodium chloride (values of
Fyx = r,/rsp in the range of a,, corresponding to solutions
that are supersaturated with respect to the solute are deter-
mined as for Figure 1). Each of the several factors is equal
to unity for a,, (or 4, in the case of F},) equal to unity, but
whereas with decreasing ay, (or /) both Fx and Fj, initially
slowly increase (and continue to increase monotonically),
Fgr initially decreases extremely rapidly (this behavior
typically holds for most inorganic solutes, although for
organic solutes the surface tension, and thus Fg, might
initially decrease rapidly with decreasing ay). As F¢

(22)
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