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Abstract-It has been proposed that the properties and evolution of an aerosol can be represented by
lower-order moments of its size distribution without requiring additional knowledge of the distribu-
tion itself. However, certain distributions, including the log-normal and modified gamma distribu-
tions widely used to represent aerosol size distributions, belong to classes of multiple distributions
having identical sets of moments, a situation that brings into question the utility of moment-based
representations of aerosol properties and dynamics. We compare aerosol properties and evolution
for explicit dissimilar test distributions having identical moments. It is found that despite their
dissimilarity (e.g. multimode vs single mode) these distributions exhibit virtually identical physical
and optical properties and dynamics. This analysis allays the concern regarding applicability of
moment-based representations of aerosol properties that arises out of the existence of sets of
distributions exhibiting identical moments. Published by Elsevier Science Ltd

INTRODUCTION

Size distributions of aerosols are shaped by complicated nucleation, growth, and transport
processes that are difficult to represent in models needed to describe the evolution of
aerosols in multidimensional environments (e.g. models of atmospheric transport and
turbulent jet flows). The size distribution is not only difficult to model numerically, it
contains more information than is generally required. A possible alternative approach to
explicit modeling of aerosol size distribution evolution in simulations of aerosol dynamics is
that of tracking evolution of the aerosol in terms of the radial moments of the particle size
distribution (this is the method of moments, MOM). The radial moments for a distribution
of spherical particles are defined as

1) = f: P £(0) dr, 1)

where f (r) gives the fraction of particles in the radius range r to r + dr and where & is the
order of the moment. The moments are tracked either as a function of time, for spatially
uniform systems (Friedlander, 1983; McGraw and Saunders, 1984; Pratsinis, 1988), or of
space and time for simulations involving complex flows (Jurcik and Brock, 1993; LaViolette
et al., 1996). In special cases, such as free-molecular growth, the equations governing the
moment evolution are expressible in closed form in the low-order moments of the distribu-
tion and yield exact analytical or numerical solutions for the spatial and temporal distribu-
tions of the moments. In other instances, accurate approximate solutions can be obtained
by Gaussian quadrature (McGraw, 1997).

A collateral advantage of the MOM is that many physical and optical properties of
aerosols (McGraw et al., 1995; Yue et al., 1997) and clouds (Hu and Stamnes, 1994) can be
estimated directly from knowledge of the lower-order moments of the radial size distribu-
tion [or, equivalently, can be parameterized in terms of the effective radius which is itself
defined as a ratio of lower-order moments (see equation (6) below)]. Thus, moment
parameterizations may be well suited for use in models describing the transport, evolution,
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reduces to the correct limiting expressions for particle growth in the free-molecular
(r«7) and continuum (diffusional) size limits (r>>4). The growth law corresponding to
equation (9) is

dr vle 1

=4 a0 rran (10

where v, is the molecular volume of the monomer in the particle.

An analytic expression for the time evolution of a general aerosol size distribution under
the growth law of equation (10), which conserves particle number, can be obtained from the
continuity equation (Clement, 1978). The method furnishes the evolved aerosol distribution
fi(r;) at time ¢, for an arbitrary initial distribution f,(r) as follows: Conservation of particle
number implies (Clement, 1978):

Je (r)dre = fo(ro) dro, (11)

where 7 is the initial particle radius and r, is the particle radius after time ¢. Integrating the
growth law of equation (10) gives

r2 + 2ayr, = r3 + 2agro + ———v;iM t. (12)

Combining equations (10)~(12) and expressing results in terms of the radius variable r,, we

obtain
fir) = It O fo [\/(r. + aw)? —
Ve + am)* — (v1but/2m)

where the prefactor of fj is, in general dry/dr,. (Note that f;(r,) is set to zero for negative
argument of the square root.) The radial moments of f, (r,) are obtained by substitution into
equation (1) and carrying out the integrations numerically as described in the appendix.

The growth law function ¢(r), appearing in the integrand of equation (8), is generally
smoother and more amenable to polynomial approximation than is the light scattering
kernel of equation (7). This suggests that isomomental distributions will tend to exhibit
smaller differences in growth rate than in their light scattering properties. (In special cases
such as free-molecular growth (Friedlander, 1977, 1983), where ¢(r) is independent of r the
integrand of equation (8) will be identical for all distributions that have the same moment
sequence, and distributions that are initially isomomental will simply shift in the direction
of increasing radius with time, thereby remaining isomomental throughout their evolution.)
To illustrate the evolution of isomomental distributions for the growth law of equation 10,
we choose, as the three initial distributions, the modified gamma parent distribution (3a)
and the isomomental distributions (3¢c) for w = + 1. Size parameters have the same values as
for the distributions shown in the lower panel of Fig. 1. Growth law parameters for the
calculation were chosen such that ay, = 44/3uy = 1 um and ty = 4nad/v,by = 1s. Thus, for
ay =1, we set 4 =075 um. Setting the molecular volume equal to that of water
(v; = 3x 10723 cm?) gives by = 4.2x 10"cm ™ !s™ !, In the appendix we analyze moment
evolution for a growth law having the general form of equation 10 and describe specific
calculations for the parameters given above (Tables 1 and 2 and Fig. 4). As expected,
deviations from the moments calculated for the parent distributions are indeed exceedingly
small but non-zero (see Table 2 for numerical values).

It may be noted that the growth rate from equation (10), which is a decreasing function of
particle radius, results in a narrowing of the particle size distribution as the distributions
evolve with time. This is illustrated in Fig. 3, which shows the distributions at 5s, and Fig. 4,
which shows the time dependence of the mean width and effective radius of the evolved
distributions. The mean width of the distribution is obtained as

_ _2\1/2
W=(ﬁ?”07_’fi> , (14)
0

vb
;n“ t— aM} (13)
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Table 1. Moments y, of the evolved modified gamma distribution (equation (A5) for w = 0). The

units are ym*

«s) 0 5 10 15 20
™ 0.11484 2.355 3611 4.591 5.423
1 0.03013 5.549 13.04 21.08 29.41
i 0.01567 13.08 47.09 96.78 159.5
e 0.01461 30.86 170.1 444.4 865.2
Us 0.02266 72.86 6144 2040.5 4692.9

Table 2. Moments of the evolved difference distributions Ay, (equation (A7) for w = 1). The units

are ym*
4s) 0 5 10 15 20
Apy 0 3.03E-12 — 3.64E-13 8.36E-15 1.38E-14
Ay, 0 — 6.06E-12 7.28E-13 — 1.67E-14 — 2.76E-14
Aus 0 1.47E-11 9.92E-14 — 3.70E-13 — 1.08E-13
Apg 0 — 347E-11 — 3.31E-12 1.55E-12 5.43E-13
Aus 0 — 5.92E-11 1.92E-11 432E-12 —7E-14
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Fig. 3. Distribution profiles at ¢t = 5s (from equation (13)). Dashed curve, evolved normalized

modified gamma distribution (equation (3a) and Fig. 1 give the distribution at t =0) for n =3,

b = 30 and s = 0.25; multimodal curves are the corresponding evolved Heyde distributions (equa-
tion (3¢) and Fig. 1 give the distributions at ¢ = 0).
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Fig. 4. Time dependence of the widths of the evolved MG and derived Heyde distributions. The
distribution widths were computed from the moments using equation (14). The figure also shows
evolution of the effective radius according to equation (6a) (right axis).
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The effective radius is from equation 6. As a consequence of the near identity of the
moments the mean widths and effective radii of the several distributions are virtually
indistinguishable (see the appendix for a more complete analysis of moment evolution).

DISCUSSION

In this paper we compared the physical and optical properties of aerosols having
distributions characterized by the same sets of moments. Examples of differences in optical
properties and in the time evolution of such isomomental distributions were evaluated.
Because the full positive integral moment sequence is identical for these distributions,
results from the present calculations provide a best-case limit (one in which all of the
moments are available) on the accuracy of moment-based parameterizations of aerosol
optical (Fig. 2) and growth (Figs 3 and 4) properties. The moments of an aerosol size
distribution have been shown to provide a reliable representation of physical and optical
properties even when the size distributions themselves are not uniquely determined by their
moments, as is the case for the distributions shown in Fig. 1. Additionally, there are
prominent features of the size distribution evident in Fig. 1 which appear to be of secondary
importance to the moments in determining physical and optical properties of the aerosol.
For example, the three log-normal and three modified gamma distributions of Fig. 1 yield
very similar phase functions (Fig. 2) even though in each case one of the distributions is
unimodal whereas the other two are distinctly multimodal and exhibit modes that are
markedly displaced from each other.

Simulations of aerosol dynamics via the method of moments (Friedlander, 1983;
McGraw and Saunders, 1984; Pratsinis, 1988; Jurcik and Brock, 1993; McGraw, 1997) track
the moments of the size distribution directly in space and time. There are obvious
advantages of combining such simulations, based on moments, with parameterizations for
aerosol properties that are derived from the simulated moments. For example, one can
imagine determining the radiative properties of atmospheric aerosols through regional-to-
global scale simulations that track aerosol moments to investigate the role of aerosols in
climate forcing. The moments of atmospheric aerosols can also be directly compared with
properties inferred from ground based or satellite remote sensing measurements (Livingston
and Russell, 1989).

Practical implementation of the method of moments would require using only a small
number of the lower-order moments. If different distributions having identical moments
were found to evolve in such a manner that their moments differed appreciably at later
times, one would conclude that moments are not sufficient to parameterize the dynamical
properties of the aerosol, even to the extent of predicting future values of the moments
themselves. The results of numerical calculations reported here suggest that this is not the
case. Furthermore, even the six lowest-order moments provide an accurate parameteriz-
ation for growth (McGraw, 1997) and optical properties (McGraw et al., 1995; Yue et al.,
1997) of an aerosol. Nevertheless, as a note of caution, accuracy of moment-based para-
meterizations will depend both on the smoothness of the kernel function and the broadness
of the particle size distribution—the ability to construct a low-order polynomial fit to the
kernel function over the size range of the aerosol is a useful guide. Thus, if indications are
that more than six moments are required to obtain an accurate representation, a multi-
modal separation of the distribution, with separate moments for each mode, may be
required. For example, if both unactivated aerosol particles and larger cloud droplets are
present, it may be more reasonable (and more expedient) to use separate moments for
representing and/or tracking of each of these clearly distinct particle types, than to treat all
particles as part of a single distribution with a single set of moments.

SUMMARY AND CONCLUSIONS

Distribution functions can be constructed, based on the log-normal and modified gamma
distributions, commonly used analytical representations of aerosol size distributions, that
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exhibit identical sequences of positive moments (and in the case of the log-normal distribu-
tion, negative moments also) despite substantial, qualitative differences—multimodal vs
monomodal and with significantly displaced modes. This situation calls into question the
utility of representing aerosol properties and evolution in terms of the moments of their size
distribution. We have therefore examined and compared light scattering phase functions
and temporal evolution of aerosols having such isomomental size distributions. This
examination shows that despite the considerable differences in the size distributions, the
evolution and observable properties of such aerosols are in fact quite similar. This finding
not only supports the utility of moment-based representations of aerosol size distributions
and their evolution, but also suggests that for many applications the moment sequence may
yield a more intrinsic representation of the aerosol than the size distribution itself.
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APPENDIX: EVOLUTION OF AEROSOL RADIAL MOMENTS
ACCORDING TO THE GROWTH LAW OF EQUATION (10)

Evolution of the moments of a general aerosol size distribution

In this appendix we use equation (8) and the interpolation growth law of equation (10) for numerical calculation
of moment evolution. Without loss of generality, we express r in units of ay = 44/3x,, and time in units of
ty= 47mf,/v,bM yielding for the growth law of equation 10:

dr 1

o0 aF 1 +F

[

(A1)

where the tilde indicates reduced units (F = r/ay; ¥ = t/ty).
It is readily shown that for the growth law (A1) the time evolution of the reduced kth moment [, (?) for any
distribution is fully determined from the time evolution of ji; (¥). This follows from the following identity:

;k—l ;k
+ =1, (A2)
1+7 147

Combining equations (8), (A1), and (A2) gives

1diy 1 diy,,
hua S S L0 S S0 A3
kdt kvl df e (A3)

Thus, for any aerosol size distribution, and the growth law of equation (A1), we obtain

a4
aF T
di dit
;—3u, — 3t +3—,
G . di
—— =4jp ~ 4y + 4l —4— . (Ad)
df df

Evolution of the moments of the initially isomomental distributions

Consider the evolution of the radial moments for the three initially isomomental distributions, w = 0, + 1, based
on the modified gamma distribution (equation (3c)):

() = j‘ ™ G () dr (A5)

0o

where g,,(r) is evolved in time according to equation (13). The initially isomomental distributions lose that
characteristic at later times. However, the differences between the moments for the three distributions (w = 0, + 1)
remain so extremely small that the calculation of these differences for the present study required high precision
numerical integration (Wolfram, 1991).

An integral transformation based on the tangent function was used to handle the tail of the distributions at
large r. Thus, the integral of equation (AS) was transformed using z = tan™ ! (r) to obtain

/2
(D) = f [tan(2)]* gy, [tan(z)]sec? (2) dz, (A6)
0

Evolved moments of the parent distribution at a sampling of time values are given in Table 1. The exceedingly
small differences in the moments from the three evolved distributions are given in Table 2. Here we use the
property that distributions add linearly in the moment integrals, and evaluate the moments of the difference of
distributions as

A#Iz (t) = j rk [gmg(r) —'fMG(r)] dr, (A7)

]

where g, (r) is evaluated for w = 1, and . (7) is the parent distribution. Note that Ay, vanishes at ¢ = 0 according
to equation 4. The relative differences Ay, (£)/14(t) obtained from the ratio of corresponding entries of Tables 2 to
those of Table 1, range from 1 part in 1012 to 1 part in 10'”. The numerical accuracy of the integration is confirmed
by the result that Ay, = — 2Ap,, as required by the first of equations (A4), which from linearity, apply also to the
moment differences (note that since normalization is preserved, Ay, vanishes for all times).
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The fact that the values of the differences Ay, (t) are exceedingly small, but non-zero (Table 1) is consistent with
the polynomial criterion noted in the text. Non-vanishing differences imply that the growth function 1/(1 + 7) does
not have a convergent polynomial expansion. However, the smallness of the non-isomomental tendency suggest
that a good polynomial representation of the growth law can be obtained. The following observations on
representation of the right-hand side (rhs) of equation (A1) by polynomials folow Lanczos (1988): The geometric
expansion

=1 —F+FP-F+ . (A8)
147

has a convergence limit of unity and therefore the rhs of equation (1) does not have a convergent expansion over

the radius interval (0, o0 ) of the integrated aerosol distributions. However, a superior polynomial representation is

available {one with greater accuracy and extended radius of convergence over a finite interval 0 < ¥ < L) based

expansion of 1/(1 + 7) in shifted Chebyshev polynomials (T, (27 — 1)). This expansion has the form (Lanczos, 1988)

1
1—+~=\/§{(1/2)—de,(2;— D+ d2xTyF—1)—d®x T3(2F = 1)+ -}, (A9)
;

where d =3 — Zﬁ =0.1716 ... . Comparisons for the same polynomial order (note that T,(27¥ — 1) is a poly-
nomial of order n) show that equation (A9) yields a much better polynomial representation of the growth law than
is provided by the simple geometric expansion of equation (A8).





