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Abstract. Retrieval of size distributions from multispectral optical depth measurements 
requires solution of an ill-posed inverse problem. The ill-posedness causes problems such 
as solution ambiguity. Size distribution retrieval becomes more complicated in the 
presence of nonspherical particles and/or refractive index errors. A new retrieval algorithm 
is first developed which allows for both smoothing and nonnegativity constraint along with 
the L-curve method for choosing the Lagrange multiplier that controls the degree of the 
imposed smoothing. This new algorithm is compared to an iterative algorithm and the 
method of truncated singular value decomposition, demonstrating that the new algorithm 
outperforms the other two. With the new algorithm to perform the size distribution 
retrieval and with the T-matrix method to calculate optical depth for a given cloud 
consisting of randomly oriented finite circular cylinders, the influence of particle 
nonsphericity on the size distribution retrieval is investigated by use of the Mie theory for 
spheres as well as the anomalous diffraction theory for cylinders. The results show that 
spurious particles and even spurious particle modes occur for both approximations. The 
effect of refractive index errors are also investigated, showing that even a small 
perturbation of refractive indices can cause serious distortions of retrieved size 
distributions. A further examination reveals that either applying an approximate light- 
scattering theory (Mie theory or anomalous diffraction theory) to nonspherical particles or 
using incorrect refractive indices results in systematic errors in the model which in turn 
conspire with the ill-posedness inherent in the retrieval to cause the distortions of 
retrieved size distributions. The retrieval process essentially transforms the model error 
into the error in retrieved size distribution, yet improves the agreement between true and 
retrieved optical depth. 

1. Introduction 

Various properties (e.g., dynamical, optical, electrical, and 
chemical) of atmospheric particles depend on particle size. 

Number distribution of particles with respect to size (size dis- 

tribution) is a fundamental subject in aerosol and cloud physics 

[f’ruppcher und Klett, 19781. Its importance has been increas- 

ingly recognized with the concern over the effects of aerosols 

and clouds on radiation transfer and climate. Instrumentation 

for measuring sizing distributions has continued to occupy a 
prominent position among problems in atmospheric sciences. 

Although significant advances have been made in the past 

decades [Deirmendjian, 1980; Knollenberg, 1981; Kerker, 19971, 
a serious problem inherent in the particle-sizing instrumenta- 

.tion remains: the associated mathematical problem that needs 
to be solved to obtain size distributions is ill-posed in the sense 

that measured size distributions are highly sensitive to errors in 
measured signals and calculated scattering properties. This is 

particularly true for indirect retrieval [Twomey, 19771. In fact, 
development of methods for dealing with the ill-posedness to 
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obtain a useful solution is still an active area of research [Han- 
sen, 19981. 

On the other hand, atmospheric particles such as aerosol 
particles and ice crystals are often nonspherical. For a cloud of 
nonspherical particles, optical properties such as extinction 
depend on particle shape and orientation in addition to size 
distribution and refractive index. There is abundant experi- 
mental and theoretical evidence that the Mie theory is, in 

general, inadequate to approximate scattering properties of 
nonspherical particles [& und Lieu, 1993; M&chenko et al., 
1996; Yang et ul., 19971. The discrepancy between in situ mea- 

surements of crystal size and retrieved crystal size from infra- 
red radiometric measurements has led to a debate over the 
existence of small crystals and their role in radiation transfer. 
It has been argued that the existence of small crystals may be 
caused by the inappropriate treatment of nonspherical scatter- 
ing in the approximation of equivalent spheres [Mitchell and 
Anott, 1994; Buran et al., 19981. Particle nonsphericity is ex- 
pected to have more significant effects on the size distribution 
retrieval because of the inherent ill-posedness. It is anticipated 
that the Mie-theory-based retrieval may produce spurious size 
distributions in the presence of nonspherical particles. In a recent 
numerical experiment we inverted ice crystal size distributions 
from multispectral extinction measurements in laboratory ice 
clouds by applying the Mie theory to ice spheres, and the extinc- 
tion calculated from thus retrieved size distribution of ice spheres 
closely agreed with the measured value fAnott et aZ., 19961. The 
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results of this numerical study imply that the incorrect represen- 
tation of particle shape may be transformed into an incorrect size 
distribution of nonspherical particles, without much loss of agree- 
ment between modeled and measured radiative properties. Such 
mutual “contamination” between particle shape and size ques- 
tions the reliabiliq of any size (distribution) measurements when 
nonspherical particles are present. 

The anomalous diffraction theory (ADT) is another com- 
monly used approximation to scattering by nonspherical par- 
ticles. Some argue that ADT may be better than the Mie theory 
for approximating light scattering by nonspherical particles 
[Burcrn et ul., 19981. Recently, we [Liu er al., 19981 developed an 
exact ADT for finite cylinders and demonstrated that ADT 
tends to work better with deviation of particle shape from 
spheres only for specific cases, for example, in the Christiansen 
bands where the real part of the refractive index approaches 
unity and/or at the wavenumber where relative absorption is 
strong. Because size distribution retrieval uses a wide range of 
all the wavenumbers, the ADT performance in the retrieval 
requires further analysis. 

Another unrealistic assumption that has been widely used in 
previous studies of size distribution retrieval is that refractive 
indices are accurately known. In reality, our knowledge of 
refractive index, however, is uncertain. For aerosols, refractive 
index is essentially unknown since they are mixtures of a vari- 
ety of aerosol types and chemical composition [Penner et al., 
19941. Uncertainties even exist for the well-documented water 
refractive index [Amott et ul., 19971. Just as with applying the 
Mie theory to nonspherical particles, using incorrect refractive 
indices are expected to distort the retrieved size distribution. 

Because of the difficulties in treating the ill-posedness asso- 
ciated with retrieval problems and in calculating light scatter- 
ing, only a few studies have been published to address the 
influences of particle nonsphericity and refractive index on size 
distribution retrieval [H’eZc/r et ul., 19811. This is particularly 
true for the effect of particle nonsphericity. 

This paper is devoted to the development of retrieval algo- 
rithm and understanding effects of particle nonsphericity and 
refractive index errors on the size distribution retrieval from 
multispectral optical depth. In section 2, we present a new 
retrieval algorithm. This algorithm includes a regularization 
algorithm that considers the smoothness constraint as well as 
the nonnegativity constraint and an objective method for 
choosing the Lagrange multiplier controlling the degree of the 
smoothness artificially imposed on the desired size distribution. 
In section 3, the new retrieval algorithm is evaluated by compar- 
ing with an iterative algorithm and the method of singular value 
decomposition. In section 4, the effect of particle nonsphericity on 
size distribution retrieval is systematically investigated by taking 
the advantages of the recent developments in calculating single 
scattering by nonspherical particles. Both the Mie theory and the 
recently developed ADT for finite cylinders are used. The effect 
of refractive index errors is investigated using three available 
refractive index data sets for water in section 5. A further exam- 
ination of the retrieval process is made in section 6. The results 
are summarized in section 7. 

2. New Algorithm fir Size Distribution 
Retrieval 
2.1. Background 

Optical remote sensing has been increasingly used to mea- 
sure size distributions in scientific research and industrial tech- 

nologies, including multispectral extinction measurements [Ar- 
nort er al., 19971, multispectral backscattering measurements 
[Ben-D&d and Herman, 19851, and multiangular scattering 
measurements [Heintzerberg, 19781. Despite the subtle differ- 
ences, most remote sensing techniques require solving a Fred- 
helm integral equation of the first kind [homey, 19771. Take 
the inversion of multispectral extinction measurements as an 
example, along with the assumption of single scattering. The 
optical depth (b) of a particulate cloud can be expressed as 

\ 

D”,“X 
K(Y, D)x(D) dD = b(y), (la) 

&,” 

where y represents the wavenumber of the electromagnetic 
wave, D is the particle diameter, Dmin and Dmax are the small- 
est and largest diameter, respectively, x(D) is the size distri- 
bution, Ce(D, y) is the extinction cross section of a particle 
with diameter D at wavenumbery, and L is the physical path. 
Note that the dependence of Cc(D, y) on the complex refrac- 
tive index m = rnr - irn{ is implicitly included in the wave- 
number dependence. Given L, D, y, and m, the kernel func- 
tion K(y, D) can be calculated on the basis of a suitable 
light-scattering theory, such as the Mie theory for homoge- 
neous spheres. The angular-scattering technique yields a sim- 
ilar equation. In this case, one measures the scattering inten- 
sities at various scattering angles. 

In practice, one needs to discretize (1) in order to solve it 
numerically because signals are practically measured at only a 
finite number (M) of variable y and the integral equation 
cannot generally be solved analytically. Without loss of the 
generality the discrete version of (1) is described by the matrix 
equation 

Ax = b, C4 

where A is an M X N base matrix with the component.4,, = 
AD J$+ AD/2 K( yi, D) dD, x is an N X 1 vector whose 
component xj represents the particle concentration at D = Dj, 
b is an M X 1 vector whose component bi is the measured 
signal at yi. 

2.2. WPosedness and Solution Ambiguity 

A cursory examination of (2) may lead one to consider that 
the size distribution retrieval is trivial because standard meth- 
ods are available to solve (2) [Luwon und Hunson, 19951. This 
is true when the base matrix A is well conditioned. Unfortu- 
nately, this is not true for our problem. The primary difficulty 
lies in the notorious ill-posedness carried over from the orig- 
inal integral equation. The ill-posedness is often characterized 
by a condition number of A much larger than 1. To demon- 
strate the ill-posedness of retrieving size distribution from mm- 
tispectral optical depth measurements, the singular value de- 
composition (SVD) analysis of a base matrix A is made (see the 
Appendix about SVD). The base matrix A is generated by 
applying Mie theory to ice spheres with M = 289 and N = 
129 (number of wavenumbers and size bins, respectively). The 
refractive index is from Wurren [1984]. Figure I shows the 
distribution of singular values (solid curve). The dashed curve 
shows the truncated condition number defined as ratio of the 
largest singular value to the singular value corresponding to 
the index of singular value, or the condition number at the 
corresponding truncation level; the highest value on this curve 
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is the condition number. The condition number of this specific 
problem is about 10 r3, indicating that the retrieval is severely 
ill-posed. 

The ill-posedness will cause the ambiguity of retrieved size 
distributions: an infinite number of size distributions may sat- 
isfy the optical depth measurements to acceptable accuracy. To 
demonstrate the solution ambiguity associated with the ill- 
posedness, size distribution retrieval is made using the stan- 
dard least squares method that does not use any additional 
constraints, and using SCNNLS, a new algorithm that uses 
both smoothness and nonnegativity constraint (as described in 
section 2.3). The synthetic spectral optical depths are gener- 
ated by applying the above matrix A to a given size distribution. 
The results are shown in Figure 2. As shown in Figure 2a, the 
two methods yield totally different size distributions. A naive 
application of the standard least squares method produces a 
solution (dotted curve; note the different units and negative 
values!) that is far from the true size distribution (solid curve). 
The SCNNLS algorithm yields a solution (dashed curve) close 
to the true size distribution. However, as shown in Figure 2b, 
despite the significant differences between retrieved size dis- 
tributions, the synthetic optical depths calculated from both 
retrieved size distributions all fall close to the true one, sug- 
gesting that solution ambiguity exists, and it is misleading to 
choose the retrieved size distribution only based on the agree- 
ment between measured optical depth and that calculated 
from the retrievals. It is noteworthy that no random errors are 
added to the optical depth, suggesting that the problem of 
retrieving size distributions from multispectral optical depth 
measurements is so seriously ill-posed that the computational 
errors alone (e.g., round-off errors) can cause serious prob- 
lems. 

2.3. New Regularization Method 

As demonstrated above, serious ill-posedness and the asso- 
ciated solution ambiguity occur in retrieving size distribution 
from multispectral optical depth measurements. A common 
exercise to suppress the ill-posedness is to stabilize the prob- 
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Figure 1. Singular values (s-value) and truncated condition 
number (T-cond) of the matrix A. It shows that the singular 
values decrease to about lO@i* continuously with the index of 
singular value and that the truncated conditions increase up to 
about 10-r3, the condition number of the matrix A. See the text 
for relevant definitions. 
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Figure 2. An example that shows the solution ambiguity due 
to the ill-posedness. The same base ill-conditioned matrix as 
shown in Figure 1 is used in the retrieval. In Figure 2a, the 
agreement between the true and the SCNNLS-retrieved size 
distribution is so good that they almost overlap into a curve. 
The same is true for the agreement between the true and the 
retrieved optical depths as shown in Figure 2b. The same 
legend is used for Figures 2a and 2b. 

lem by imposing additional conditions (constraints) on the 
desired size distribution to reduce the function space in which 
the solution lies. Such processes and methods of stabilizing the 
ill-posed problem are generally called regularization, and the 
reasonable solution thus found is called the regularized solu- 
tion [Twomey, 1977; Tikhonov and Arsenin, 1977; Hansen, 
19981. The most commonly used constraints are nonnegativity 
and smoothness. 

A natural way to combine the smoothness constraint with 
the original equation was introduced independently by Phillips 
[1962] and Tikhonov [1963], and some modifications of Phil- 
lips’ work was suggested by Twomey [1963]. Briefly, with a 
Lagrange multiplier A the constrained least squares problem 
becomes 

(3) 

where L is a P x N smoothing matrix with P x N that is 
usually a discrete representation of a differential operator. It is 
noteworthy that researchers in different fields use different 
names to represent this algorithm. Atmospheric scientists tend 
to call this algorithm “Philip-Twomey algorithm” while “Tik- 
honov algorithm” is more common to mathematicians. In this 
paper the name PTT algorithm is used to represent this 
method. The PTT algorithm has found wide applications [e.g., 
Steele and Turco, 19971. However, a direct use of the PTT 
algorithm may lead to negative values. The problem of “neg- 
ative values” has been frustrating researchers for a long time. 
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Figure 5. An example showing that the Lagrange multipliers 
determined by the L curve method almost yield the best re- 
trieval. 

L curve gives the best size distribution retrieval (lowest rX). 
Figure 5 further shows the relationship between the A deter- 
mined by use of the L-curve method and that determined on 
the basis of the relative size distribution error. These results 
show that although the “L corner” may not be so sharp as that 
in PTT, depending on the specific problem, a A that gives an 
optimal trade-off between the imposed smoothness and the 
residue error can still be located. 

3. Evaluation of the SCNNLS Algorithm 
To evaluate SCNNLS, numerical studies are made for spher- 

ical particles. The Mie theory and the refractive indices for ice 
[Warren, 19841 are used to generate the base matrix A and a 
synthetic multispectral optical depth for a given size distribu- 
tion. Then a corresponding size distribution is retrieved by 
inverting the synthetic optical depth. To demonstrate the ad- 
vantages of the new procedure, size distribution retrievals are 
also made for the same data set by use of the iterative algo- 
rithm presented by ,4rr~~t ef ul. [1997] and the method of 
truncated singular value decomposition (TSVD) (see the Ap- 
pendix). Figure 6 is an example of the retrieval for a smooth 
size distribution. It can be seen from these figures that the size 
distributions retrieved by all the three methods are sufficiently 
good to the human eye in terms of the size distribution as well 
as the optical depth. The agreements are so good that the 
curves corresponding to different retrieval algorithms all over- 
lap with the true values. However, the iterative algorithm is 
much slower than the other two. Another disadvantage of the 
iterative algorithm is that its performance depends on two 
parameters: smoothing factor and iteration level. The TVSD is 
as fast as SCNNLS. However, a careful examination of the 
zoom-in plots for the end of small particles marked by 1 and 
the end of large particles marked by 2 reveals that TSVD 
produces unrealistic negative concentrations, particularly at 
both ends of particle sizes. These results demonstrate that 
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Figure 6. (a) Size distribution retrieval and (b) the corre- 
sponding optical depth. The thick solid curves represent the 
true size distribution and the true optical depth. The thin solid 
curves represent the size distribution retrieved from SCNNLS 
and the optical depth calculated from this size distribution. 
The dashed curves represent the size distribution retrieved 
from the iterative algorithm and the optical depth calculated 
from this size distribution. The dotted curves represent the size 
distribution retrieved from TSVD and the optical depth calcu- 
lated from this size distribution. 

SCNNLS outperforms the other two algorithms, as summa- 
rized in Table 1. In the following sections, SCNNLS will be 
used to investigate the effects of particle nonsphericity and 
refractive index errors on size distribution retrievals. 

4. Influences of Particle Nonsphericity 
4.1. .Mie Theory Approximation 

The Mie theory has been extensively used in optically sizing 
instruments for measuring size distributions. When nonspheri- 
cal particles exist, size distribution measurements with Mie- 
theorybased instruments are expected to have distortions. Be- 
cause it is difficult and expensive to compute scattering 

Table 1. Comparison of Different Retrieval Algorithms 

Features SCNNLS TSVD Iterative 

Smoothness constraint yes yes yes 
Nonnegativity constraint yes no yes 
Choose regularization factor yes yes no* 
Computationa speed fast fast slow 

*Iterative algorithm has hvo regularization parameters to be deter- 
mined. 
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Figure 7. Influence of applying Mie theory (dashed curves) 
and CADT (dotted curves) to the retrieval of size distribution 
of finite cylinders with aspect ratio D/L = 1.0: (a) size dis- 
tributions, (b) corresponding optical depths. The same legend 
is used for Figures 7a and 7b. Note that when the exact light- 
scattering method (T matrix) is used, the retrieved size distri- 
bution (Figure 7a) and optical depth (Figure 7b) are so good 
that they almost overlap with the true values. 

properties for nonspherical particles, only a few studies have 
tried to address the influence of particle nonsphericity, to a 
limited extent. Heintzenberg [1978] investigated the error of 
applying the Mie theory to retrieving size distributions of non- 
spherical particles from multiangle-scattering experiments. 
The scattering intensities in his study were generated by com- 
bining known size distributions with previous experimental re- 
sults for various nonspherical particles. He found (1) both 
spurious smaller and larger spheres, (2) much higher particle 
concentration, and (3) a second mode for large particles. 

Recently, the Z’-matrix method for nonspherical scattering 
has been significantly improved [KrWzen/co et ul., 19961. To 
study the influence of particle nonsphericity, the T-matrix 
method is used to generate the base matrix A and synthetic 
spectral optical depth for given size distributions of finite cyl- 
inders. The synthetic optical depth is then inverted by use of 
both the T-matrix-calculated A and that calculated on the basis 
of the Mie theory for spheres. It is noteworthy that even the 
T-matrix method is still so computationally intensive (“?~4 
times N” T-matrix calculations are needed to generate a M x 

N base matrix A) that the matrix A has been generated only for 
cylinders with the diameter-to-length (aspect ratio) = l..O and 
M = 19; N = 129. The values of M = 19 and N = 129 are 
not optimal; they are the results of the compromise between 
retrieval performance, size resolution, and available computer 
resources. (Based on some numerical evaluation, an optimal 

choice that minimizes the normalized residue would be 
M - N [see Liu, 19981.) As shown in Figure 7a, when the 
appropriate scattering theory (here 7’-matrix method) is used, 
the retrieved size distributions (thin solid curve) agree well 
with the true size distribution (thick solid curve). However, 
when Mie theory is used, the retrieved size distribution (dotted 
curve) significantly departs from the true size distribution. Spu- 
rious particles are generated at both size ends, and a spurious 
second mode of large particles occurs. Despite the significant 
differences in retrieved size distributions, only small deviations 
occur for retrieved optical depths. 

4.2. ADT Approximation 

The anomalous diffraction theory (ADT) is another com- 
mon approximation to scattering by nonspherical particles. A 
number of retrieval schemes have been developed on the basis 
of the ADT for spheres [Box and McKellar, 1978; Klett, 19841. 
Applying the ADT for spheres to spherical droplets, Anott et 
~2. [1997] found that ADT gave a worse size distribution re- 
trieval as well as a worse agreement between modeled and 
measured optical depths compared to the Mie theory. Re- 
cently, the ADT for finite cylinders (CADT) has been devel- 
oped [Liu et ul., 19981. To study the performance of ADT for 
nonspherical particles, CADT is used to generate the base 
matrix A, which is then used to invert the same synthetic optical 
depth data as those used for Mie theory. As shown in Figure 7, 
similar to the Mie theory approximation, CADT also produces 
spurious particles. CADT is worse for small particles than Mie 
theory. This may be due to the large extinction overestimation 
of ADT when particles are small. 

5. Effects of Refractive Index Errors 
So far, refractive indices are assumed to be accurately known 

in the size distribution retrieval. In reality, our knowledge of 
refractive index, however, is uncertain. For aerosols, refractive 
index is essentially unknown since atmospheric aerosols are 
mixtures of a varieq of aerosol types and chemical composi- 
tions (e.g., sulfate, nitrate, ammonium, condensed organic spe- 
cies, elemental or black carbon, and mineral dust) [Perter et 
ul., 19941. Figure 8 shows the three widely used refractive index 
data sets for water, suggesting that uncertainties exist even for 
the well-documented water refractive index, particularly for 
the real part around the Christiansen band where the real part 
is closest to unity. Such uncertainties are expected to have 
some effect on the size distribution retrieval. 

More research has been performed on the effect of uncer- 
tain refractive index than on the effect of particle shape. SJz+r 
urzd Gu~hko [1974] examined the size distributions inverted by 
the statistical regularization method from angular scattering 
when the incorrect value of the refractive index was assumed. 
They first generated a theoretical angular-scattering function 
using a known size distribution and m = 1.33 and then per- 
formed size distribution retrievals using kernels generated with 
nine different refractive indices: m = 1.15 - O.OOi, 1.25 - 
O.O5i, 1.29 - O.O5i, 1.3 - O.li, 1.31 - O.O0004i, 1.33 - 
O.Oi, 1.353 - O.O06i, 1.4 - O.O5i, and 1.5 - 0.06i. They 
found that the size distribution retrieval is very sensitive to the 
refractive index, being more sensitive to the imaginary part 
than to the real part of the index. Unfortunately, it is not clear 
whether the Mie theory or ADT was used in their calculation. 
Twifcy [1975] studied the sensitivity to refractive index of in- 
verting solar aureole measurements. The inversion method he 
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u s e d  w a s  a  n o n l i n e a r  i t e r a t i v e  m e t h o d  o r i g i n a l l y  p r o p o s e d  b y  
C Y n z & r e  [ 1 9 6 8 ] .  A  s p h n e  f i t  o f  a  s i z e  d i s t r i b u t i o n  m e a s u r e d  b y  
i m p a c t o r  m e t h o d s  a n d  m  =  1 . 5 4  w e r e  u s e d  t o  g e n e r a t e  t h e -  
o r e t i c a l  p h a s e  f u n c t i o n s  a t  2 0  s c a t t e r i n g  a n g l e s  b e t w e e n  1 ’  a n d  
2 P  b a s e d  o n  t h e  M i e  t h e o r y .  H e  e s t i m a t e d  t h e  e f f e c t  o f  r e -  
f r a c t i v e  i n d e x  b y  c h a n g i n g  m  =  1 . 5 4  t o  1 . 3 3 ,  a n d  f o u n d  t h a t  
t h e  i n c o r r e c t  i n d e x  g a v e  a  p o o r  r e t r i e v e d  s i z e  d i s t r i b u t i o n  i n  
t h e  r a n g e  o f  s m a l l  p a r t i c l e s  ( r a d i i  <  1  p m ) .  K i n g  e t  a l .  [ 1 9 7 8 ]  
r e t r i e v e d  s i z e  d i s t r i b u t i o n s  f r o m  o p t i c a l  d e p t h s .  T h e  M i e  t h e -  
o r y  a n d  m  =  1 . 5 4  w e r e  u s e d  t o  g e n e r a t e  t h e  k e r n e l  a n d  
s y n t h e t i c  o p t i c a l  d e p t h  d i s c r e t i z e d  w i t h  e i g h t  w a v e l e n g t h s  b e -  
t w e e n  a p p r o x i m a t e l y  0 . 4  a n d  1 . 0 3  p m .  T h e  e f f e c t  o f  r e f r a c t i v e  
i n d e x  o n  s i z e  d i s t r i b u t i o n  r e t r i e v a l  w a s  i n v e s t i g a t e d  b y  u s i n g  
m  =  1 . 4 5  a n d  1 . 4 5  -  0 . 0 3 i .  S a n t e r  a n d  H e r m a n  [ 1 9 8 3 ]  
s t u d i e d  t h e  e f f e c t  o f  r e f r a c t i v e  i n d e x  o n  s i z e  d i s t r i b u t i o n  r e -  
t r i e v a l  f r o m  f o r w a r d  s c a t t e r i n g  u s i n g  t h e  d i f f r a c t i o n  a p p r o x i -  
m a t i o n  a n d  t h e  C h a h i n e  i t e r a t i v e  s c h e m e .  T h e y  u s e d  m  =  
1 . 3 3 ,  1 . 4 5 ,  a n d  1 . 5 5  a n d  f o u n d  t h a t  a  c o r r e c t  m  i s  i m p o r t a n t  
i n  t h e  r a n g e  o f  s m a l l  p a r t i c l e s .  T h e  w a v e l e n g t h  t h e y  u s e d  w a s  
1  p m .  

T h e s e  s t u d i e s  a r e  l i m i t e d  f o r  w a v e l e n g t h - i n d e p e n d e n t  r e -  
f r a c t i v e  i n d i c e s .  T o  d e m o n s t r a t e  t h e  e f f e c t  o f  s m a l l  e r r o r s  i n  
w a v e l e n g t h - d e p e n d e n t  r e f r a c t i v e  i n d i c e s ,  s i z e  d i s t r i b u t i o n s  o f  
s p h e r i c a l  p a r t i c l e s  a r e  r e t r i e v e d  u s i n g  t h e  t h r e e  d i f f e r e n t  p u b -  
l i s h e d  d a t a  s e t s  o f  r e f r a c t i v e  i n d e x  f o r  l i q u i d  w a t e r  s h o w n  i n  
F i g u r e  8 .  T h e  r e t r i e v a l  p r o c e d u r e s  a r e  a s  f o l l o w s :  F i r s t ,  g i v e n  
t h e  t r u e  s i z e  d i s t r i b u t i o n  ( t h i c k  s o l i d  c u r v e  i n  F i g u r e  9 a ) ,  t h e  
r e f r a c t i v e  i n d i c e s  b y  D o w n i n g  u n d  W i l l i a m s  [ 1 9 7 5 ]  a r e  u s e d  t o  
g e n e r a t e  a  “ t r u e  o p t i c a l  d e p t h ”  ( t h i c k  s o l i d  c u r v e  i n  F i g u r e  9 b ) .  
T h e n  t h e  r e t r i e v a l s  a r e  m a d e  u s i n g  t h e  b a s e  m a t r i c e s  g e n e r a t e d  
b y  u s e  o f  t h e  t h r e e  d i f f e r e n t  s e t s  o f  r e f r a c t i v e  i n d e x .  F i g u r e  9  

1 . 5  

1 . 4  

1 . 1  

1  E - 4  I , , , , , , , , , , ,  , , , , , , , , , , , , , , , , , , , , , , , , , , ,  

5 0 0  1 0 0 0  1 5 0 0  2 0 0 0  2 5 0 0  3 0 0 0  3 5 0 0  4 0 0 0  4 5 0 0  5 0 0 0  
W a v e n u m b e r  ( l / c m )  

F i g u r e  8 .  T h r e e  p u b l i s h e d  r e f r a c t i v e  i n d e x  d a t a  s e t s  f o r  l i q -  
u i d  w a t e r :  ( a )  c h a n g e  o f  t h e  r e a l  p a r t  o f  r e f r a c t i v e  i n d e x  w i t h  
w a v e n u m b e r ,  ( b )  c h a n g e  o f  t h e  i m a g i n a r y  p a r t  w i t h  w a v e n u m -  
b e r .  D W  i s  D o w n i n g  a n d  W i Z l i a m s  [ 1 9 7 5 ] ;  H Q  i s  H a l e  a n d  
Q u e r y  [ 1 9 7 3 ] ;  W W Q  i s  W i e Z i c z k a  e t  a l .  [ 1 9 8 9 ] .  

5 0  

4 5  

4 0  

3 5  

3 0  

2 5  

2 0  

1 5  

1 0  

5  

0  A  

0  2  4  6  0  1 0  1 2  1 4  1 6  1 8  2 0  

D i a m e t e r  ( u r n )  

ot’,,,l,*-l ‘ , “ ‘ , I , ‘ , , , ’  
5 0 0  1 5 0 0  2 5 0 0  3 5 0 0  4 5 0 0  5 5 0 0  

W a v e n u m b e r  ( l / c m )  

F i g u r e  9 .  E f f e c t s  o f  r e f r a c t i v e  i n d e x  e r r o r s  o n  s i z e  d i s t r i b u -  
t i o n  r e t r i e v a l :  ( a )  r e t r i e v e d  s i z e  d i s t r i b u t i o n s  u s i n g  d i f f e r e n t  
i n d e x  s e t s ,  ( b )  c o r r e s p o n d i n g  o p t i c a l  d e p t h s .  T h e  s a m e  l e g e n d  
i s  u s e d  f o r  F i g u r e s  9 a  a n d  9 b .  T h e  D W  r e s u l t s  o v e r l a p  a l m o s t  
p e r f e c t l y  w i t h  t h e  t r u e  c u r v e s .  

s h o w s  t h e  r e t r i e v a l  r e s u l t s ,  s u g g e s t i n g  t h a t  a  p e r t u r b a t i o n  o f  
r e f r a c t i v e  i n d e x  a s  s m a l l  a s  t h a t  b e t w e e n  t h e  t h r e e  c o m m o n l y  
u s e d  d a t a  s e t s  f o r  l i q u i d  w a t e r  c a n  c a u s e  s e r i o u s  r e t r i e v a l  
e r r o r s ,  p a r t i c u l a r l y  a t  t h e  e n d  o f  s m a l l  p a r t i c l e s .  I n  t h e  a t m o -  
s p h e r e  t h e  r e f r a c t i v e  i n d i c e s  f o r  b o t h  a e r o s o l s  a n d  i c e  c r y s t a l s  
a r e  l i k e l y  m o r e  u n c e r t a i n  t h a n  t h i s  e x a m p l e ;  t h e  e f f e c t  o f  r e -  
f r a c t i v e  i n d e x  e r r o r s  i s  t h e r e f o r e  e x p e c t e d  t o  b e  l a r g e r .  

6. Discussion 

S e c t i o n  4  d e m o n s t r a t e s  t h a t  s e v e r e  d i s t o r t i o n s  o c c u r  w h e n  
e i t h e r  t h e  M i e  t h e o r y  o r  t h e  A D T  f o r  f i n i t e  c y l i n d e r s  i s  u s e d  t o  
r e t r i e v e  s i z e  d i s t r i b u t i o n s  o f  f i n i t e  c y l i n d e r s .  S e c t i o n  5  d e m o n -  
s t r a t e s  t h a t  i n c o r r e c t  r e f r a c t i v e  i n d i c e s  a l s o  c a u s e  s i g n i f i c a n t  
d i s t o r t i o n s  o f  r e t r i e v e d  s i z e  d i s t r i b u t i o n s  f o r  s p h e r i c a l  p a r t i c l e s .  
A  f u r t h e r  e x a m i n a t i o n  r e v e a l s  t h a t  e i t h e r  a p p l y i n g  a n  a p p r o x -  
i m a t e  l i g h t - s c a t t e r i n g  t h e o r y  ( M i e  t h e o r y  o r  A D T )  t o  n o n -  
s p h e r i c a l  p a r t i c l e s  o r  u s i n g  i n c o r r e c t  r e f r a c t i v e  i n d i c e s  r e s u l t s  
i n  s y s t e m a t i c  e r r o r s  i n  t h e  b a s e  m a t r i x  A .  I t  i s  s u c h  s y s t e m a t i c  
e r r o r s  i n  A  w h i c h  c o n s p i r e  w i t h  t h e  i l l - p o s c d n c s s  t o  c a u s e  t h e  
d i s t o r t i o n s  o f  r e t r i e v e d  s i z e  d i s t r i b u t i o n s .  T h e  r e t r i e v a l  p r o c e s s  
a c t u a l l y  t r a n s f o r m s  t h e  e r r o r s  i n  t h e  m a t r i x  A  i n t o  t h e  e r r o r  i n  
r e t r i e v e d  s i z e  d i s t r i b u t i o n ,  y e t  m a k e s  t h e  a g r e e m e n t  b e t w e e n  
t r u e  a n d  r e t r i e v e d  o p t i c a l  d e p t h s  r e a s o n a b l y  b e t t e r .  

T h e  e f f e c t s  o f  r e t r i e v a l  c a n  b e  s t u d i e d  b y  c o m p a r i n g  o p t i c a l  
d e p t h s  c a l c u l a t e d  f r o m  t h e  t r u e  s i z e  d i s t r i b u t i o n  a n d  t h e  r e -  
t r i e v e d  s i z e  d i s t r i b u t i o n .  A s  i l l u s t r a t i o n s ,  F i g u r e  1 0  s h o w s  t h e  
d i f f e r e n c e s  b e t w e e n  t h e  t r u e  a n d  t h e  c a l c u l a t e d  o p t i c a l  d e p t h s  
w h e n  t h e  T - m a t r i x  m e t h o d  a n d  t h e  M i e  t h e o r y  a r e  a p p l i e d  t o  
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Figure 10. An example showing that retrieval processes tend 
to improve the agreement between the true optical depth and 
that calculated from the retrieved size distribution by trans- 
forming the errors in the base matrix A (or model errors) into 
the error in retrieved size distributions. 

finite cylinders. Figure 11 shows the differences between the 
true and the calculated optical depths when different sets of 
refractive index are used to retrieve size distributions of spher- 
ical particles. The WWQ refractive index set is chosen because 
its deviation from the DW set is larger than that of the HQ set. 
As expected, for both cases, the difference between the true 
optical depth and that calculated from the retrieved size dis- 
tribution is generally smaller than that between the true optical 
depth and the optical depth calculated from the true size dis- 
tribution. 

Previous studies have been focused on the effect of mea- 
surement errors on size distribution retrieval [Z’rvo~ey, 19771. 
The studies here suggest that the effect of model errors on the 
size distribution retrieval is at least equally important, if not 
more important in the atmosphere because of the existence of 
nonspherical particles and the uncertainties in the refractive 
indices. The results also suggest caution in interpreting size 
distributions measured by Mie-theory-based instruments when 
nonspherical particles and/or errors in refractive index exist. 

7. Concluding Remarks 
The ill-posedness and the associated solution ambiguity of 

retrieving size distributions from multispectral optical depth 
measurements are discussed and demonstrated by means of 
singular value decomposition. A new retrieval algorithm SC- 
NNLS is presented and compared with an iterative algorithm 
and the method of truncated singular value decomposition. 
The SCNNLS incorporates smoothness and nonnegativity into 
the algorithm with the L-curve method to choose the optimal 
Lagrange multiplier. The results suggest that the new SCNNLS 
outperforms the other two algorithms. 

The influence of particle nonsphericity on size distribution 
retrieval was studied by using the T-matrix method to calculate 
extinction cross sections of finite cylinders and then inverting 
the optical depth by use of the base matrix A calculated on the 
basis of the T-matrix method, the Mie theory, and the ADT for 
finite cylinders developed. The results show that severe distor- 
tions of retrieved size distributions occur when either applying 
the Mie theory or the ADT to nonspherical particles. Retrieval 
distortions are also found when incorrect refractive indices are 
used. The effects on size distribution retrieval of particle non- 
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Figure 11. An example showing that retrieval processes tend 
to improve the agreement between the true optical depth and 
that calculated from the retrieved size distribution by trans- 
forming the errors in the base matrix A (or model errors) into 
the error in retrieved size distributions. 

sphericity and refractive index errors have one thing in com- 
mon: they are all model errors that cause systematic errors in 
the base matrix A. Further analysis reveals that the retrieval 
processes produce a better agreement between true optical 
depth and that calculated from the retrieved size distribution, 
at the cost of making worse the agreement between the true 
and the retrieved size distribution. These results suggest that 
caution should be applied in analyzing and interpreting size 
distributions measured in the presence of nonspherical parti- 
cles and/or potential refractive index errors. 

It is noteworthy that although this work is specifically con- 
cerned with retrieving size distributions from multispectral op- 
tical depth measurements, the retrieval algorithms presented 
in here have many potential applications because most in situ 
instruments for detecting size distributions also require solu- 
tions of similar inverse problems. Examples cover most com- 
monly used instruments for measuring particles from very 
small nanometer particles to large precipitation particles, in- 
cluding the technique of pulse height analysis for measuring 
nanometer particles [Weber et uZ., 19981, the screen-type diffu- 
sion battery [Mrr/rer und Luird, 1985], differential mobility an- 
alyzer [Hogerr und Alofs, 19831, nuclepore filter sampler [Melo 
und Philips, 19741, cascade and variable-slit impactors [Cooper 
und Spielmun, 19761, in situ light-scattering optical counters 
such as the FSSP probe [Juenicke, 1972; Buumgurdner and 
Spowurt, 19901, and the PMS-optical array probes for measur- 
ing large cloud particles and precipitation particles [Korolev et 
ul., 19981. Preining [I9661 offered a general discussion on the 
instrumentation for measuring size distributions and defined 
the mutual influence among particles of different sizes as cross 
sensitivity. It is obvious that the concept of cross sensitivity is 
closely related to the ill-posedness of the problem. 

Appendix: Singular Value Decomposition, 
Ill-Posedness and TSVD 

Consider the discrete version described by (2). Using the 
generalized inverse theory, the solution can be expressed as 

x = A+b, WI 

where A+ is the generalized inverse of A [Isruel and Greville, 
19741. If b is perturbed by Ab, then the perturbed solution “x + 
Ax” satisfies 
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A(x + Ax) = b + Ab. (A2) 

The solution perturbation is given by 

Ax = A+Ab. (A3) 

Taking norms of both sides of (6) gives 

IlAxll 5 llA+\~]~Ab]l. (A4) 

Here \\w[j represents the Euclidean norm when w is a vector and 
a matrix norm when w is a matrix. Details about various norms 
are referred to LCJWPX urzd Hunson [1995]. From l]bj\ 5 IiA]] ]lx[], 
we have 

llxll 2 1. 

A combination of (A4) and (A.5) yields 

where cond = @]I lb+]] is the condition number of A. 
Equation (A6) indicates that a small error in b will cause a 

large error in the solution when cond > 1. A matrix A with a 
large condition number is called ill conditioned. Therefore the 
condition number characterizes the degree of the ill-posedness 

of the problem. 
The ill-posedness of the problem can be further understood 

by means of the singular value decomposition (SVD) of the 
matrix A. The SVD of A is given by 

A = UW = &u;v;, (A7) 

where U = [ui, ul,. . . , u,J ERmxn is an orthogonal matrix 
with the left singular vector I+ (i = 1, 2, . . . , AI) as its column 
vector, V = [vi, v~,. . . , vn] E Rnxn is an orthogonal matrix 
with the right singular vector vj (j = 1, 2, . . . , N) as its 
column vector, and S is an M X N diagonal matrix with I 5 
min (M, N) positive singular values oi ordered by magnitude, 
pi 2 nZ 2 . . . 2 cr > 0. Here r is the rank of the matrix A. 
If the spectral norm of a matrix A is used, ]bl] = max {l]Ax[l/]]xll}, 
then the following expressions hold [Lu~sorr ~2nd %rrsort, 
19951: 

IIAII = UI 

llA+ll = o, 

Wa) 

Wb) 

cond = ?! 

It is clear from (A8c) that a matrix A with small singular values 
has a large condition number, implying the problem is ill con- 
ditioned. 

In addition to providing a tool for analyzing the ill-posedness 
of the problem, the singular value decomposition also provides 
a useful method for obtaining a regularized solution. Briefly, 
substituting (10) into (2), the solution is readily obtained as 

’ urAb 
Ax = c L v,. 

ui 

These equations further indicate that if there is some errors in 
b, the contributions of small values will contaminate the solu- 
tion. Neglecting the contributions associated with small singu- 
lar values, the solution is given by 

This method is called the truncated singular value decom- 
position (TSVD). It is obvious that the truncation level k < I 

plays the role of regularization. The regularization is too strong 
if k is too small, while the solution is too sensitive to errors if 

1 is too large. Similar to discretization, there is a tradeoff 

between the variance of the solution and the bias of the solu- 

tion [Marquardf, 19701. 
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