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FIG. 3. Errors (%) in xs, F, aw, natural log of Kelvin term, and RH due to assumptions of volume
additivity, s drop 5 sw, and F 5 Ff , for different solute chemical compositions studied. Circles designate
NaCl, squares designate NH4HSO4, diamonds designate (NH4)2SO4, and triangles designate NH4NO3.
A dry particle size of 40 nm was assumed for all calculations. Solid horizontal lines designate 0%
error.

the two different methods for calculating RH, therefore,
the percent error in RH is presented in Fig. 3. Results
in Fig. 2a demonstrate agreement between the two dif-
ferent methods for determining RH within 0.5% for
NaCl and (NH4)2SO4 over the range of RHs experienced
during HTDMA studies. The agreement for NH4HSO4

and NH4NO3 is not as good as for the other solutes, but

still between 0% and 2.5%. Uncertainties in the values
of aw and RH determined from the reference model are
estimated between 61% and 62.5%, based on errors
in Pitzer’s model of F, and errors in the polynomial fits
to solution density data.

The RH values predicted by the reference Köhler
model for internally mixed solutes were compared with
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results from the ZSR relation (Stokes and Robinson
1966). In the ZSR relation, the assumption is made that
the total water uptake by an internally mixed compo-
sition particle is equal to the sum of the water uptake
by the individual solutes. The total mass fraction of
solute in the ternary solution (xs) was determined for
the assumed mass fractions of solutes a and b in the dry
particle and for a given drop diameter by iteratively
solving Eq. (18), and using Eq. (15) to compute rdrop.
First, the mass fractions of solutes a and b in the dry
particle were fixed. To calculate rs, Eq. (13) was used.
The total mass of solute could then be determined for
the assumed dry particle size and the calculated value
of rs assuming the particle was spherical in shape. Next,
for an assumed value of Ddrop, an initial guess for the
water content was proposed, from which xs was cal-
culated. The value of rdrop in Eq. (15) corresponding to
xs could then be determined. The Newton–Raphson
technique was used to iteratively solve for the value of
xs in Eq. (18) so that the difference between the two
terms on the left side was less than 1026. The value of
xs determined from the iteration was then used to cal-
culate the solution molality, m, and the solution density.
Using the polynomials of molality as a function of water
activity from Tang and Munkelwitz (1994) in the ZSR
relation, the water activity solving the ZSR relation was
determined using the following form

f m f ma b1 5 1, (19)
m ma,0 b,0

where ma,0 and mb,0 are the molalities of the binary so-
lutions of solutes a and b calculated using Tang’s poly-
nomials as a function of aw for the given water activity.
Equation (19) was solved iteratively using a procedure
similar to that outlined above, and the value of aw cor-
responding to xs determined. The RH corresponding to
the value of aw was then calculated by applying the
Kelvin correction as shown in Eq. (1). We note that the
form of the ZSR relation given by Eq. (19) does not
account for interactions between the two solutes in so-
lution. According to Tang (1997), the assumption that
the solutes in ternary solutions do not interact can lead
to errors in predicted values of aw using the ZSR relation
between 1% and 6%. Tang (1997) presents results for
an extended ZSR relation that better fits experimental
data of aw as a function of m for a variety of mixed
solutes in ternary solutions where the two solutes have
one common ion.

Values of RH determined from the ZSR relation using
Tang’s density and water activity polynomials are com-
pared with those from the reference model for ternary
solutions in Fig. 2b. In the figure, the ZSR results are
shown as dotted lines and the reference model results
are shown as solid lines. The percent difference between
the RH values calculated using the two different tech-
niques is shown in the right column. The agreement
between the ZSR-predicted and reference model–pre-

dicted RHs is not as good as for the single solutes ex-
amined. For the last three mixtures examined, the per-
cent error in RH is less than 3.3% for the RH range
80%–92%. Better agreement is found at a higher RH,
corresponding to more dilute solutions where the as-
sumption that the osmotic coefficient of the ternary so-
lution can be determined by the molality weighting ap-
proach is more valid. For the one case where the ex-
tended version of the ZSR relation was used (NaCl–
Na2SO4–H2O), the agreement is worse than that found
for the other ternary solutions, but is within 2% for RH’s
greater than 89%. This demonstrates that interactions
between solutes in solution can be important for ternary
solutions. Parameters for the extended ZSR relation are
not available for any of the other ternary solutions ex-
amined.

5. Development of the modified Köhler model

In this section we describe the simplifying assump-
tions made to the reference Köhler model and our meth-
odology for testing their validity. The assumptions in-
clude volume additivity of solute and solvent within the
drop; substitution of the surface tension of pure water
for the solution surface tension; and the use of a sim-
plified, parameterized form of the osmotic coefficient
in the Raoult term. The sensitivity of predicted values
of RH to the various assumptions is examined for par-
ticles composed of single solutes. The validity of the
assumptions is checked over the range of RHs of
HTDMA studies (80%–92%) to ensure that the final
modified Köhler model can accurately describe the hy-
groscopic growth of particles over this range.

a. Assumption of volume additivity

Assuming the volumes of solute and solvent may be
added to determine the solution total volume is equiv-
alent to assuming the partial molar volume of water in
solution is equal to the molar volume of pure water. If
volume additivity is assumed, the mass fraction may be
determined as follows:

3r Ds p,sol
x 5 , (20)s 3 3 3r (D 2 D ) 1 r Dw drop p,sol s p,sol

where rw is the density of pure water. The partial molar
volume of water for a variety of solution compositions
is shown in Fig. 1. The difference between the partial
molar volume of water and the molar volume of pure
water increases with increasing mass fraction. The larg-
est difference is found for (NH4)2SO4 and amounts to
24% for xs 5 40%.

We tested the sensitivity of values of xs, F, aw, the
natural log of the Kelvin term, and equilibrium RH pre-
dicted by Eq. (9) using the Pitzer model for F to the
assumption of volume additivity. Calculations show that
differences in xs when volume additivity is assumed lead
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to maximum errors in F of about 1%, with similar errors
propagating to aw. The Kelvin term depends on xs

through s drop and exhibits relatively larger error than
aw. However, for RHs below 95% the Kelvin term has
a relatively smaller effect on the predicted equilibrium
RH than the Raoult term, so the influence of the error
in the Kelvin term on RH is very small. The errors in
equilibrium RHs due to the assumption of volume ad-
ditivity are between 0.6% and 20.9%, which is smaller
than uncertainties in the reference model RH values.
The differences between the reference RHs and RHs
predicted by the modified Köhler model assuming vol-
ume additivity were found to decrease with increasing
RH, consistent with the fact that as the solution becomes
more dilute, the assumption that the volumes may be
added becomes more valid. Based on the results of this
analysis, the assumption of volume additivity is made
in this work, therefore, the molar volume of pure water
is used in place of n l.

b. Assumption of s drop 5 sw

As shown in Fig. 1, for the solute mass fraction range
encountered in HTDMA studies, the difference between
s drop and sw can be as high as 28% for NH4NO3. This
difference is similar to the maximum difference noted
by Schulmann et al. (1996) between the surface tensions
of various organic acid aqueous solutions and pure wa-
ter. Assuming s drop 5 sw only affects the Kelvin term
and equilibrium RH. Although the errors in the Kelvin
term are similar to the differences between s drop and sw

in Fig. 1, the associated error in RH is small because
the Kelvin term is relatively smaller than the Raoult
term. As the solution becomes more dilute, the as-
sumption that s drop 5 sw becomes more valid. The max-
imum error in RH incurred by assuming s drop 5 sw

(21.5%) is less than the maximum uncertainty in the
reference model RH values, therefore we assume that
s drop 5 sw, equivalent to setting b 5 0 in the reference
Köhler model.

c. Parameterization of F

The full model for F [Eq. (7)] is too complex to be
easily applied to determining Scrit from HTDMA study
results. Pitzer and Mayorga (1973) suggest that for most
solutes and solution ionic strengths below 6 molal, the
term involving m2 is very small and may be neglected;
therefore, we do so. Furthermore, our investigations
show that for solution ionic strengths encountered in
our studies, the b1 term is very small compared to the
b0 term; therefore, we choose to set b1 5 0. With the
above simplifications, the original expression for F, Eq.
(7), becomes

ÏI 2n n b1 2 0F 5 1 2 |z z | A 1 m . (21)1 2 f[ ] n1 1 b ÏIpit

Values of F predicted by the truncated expression, Eq.

(21), were compared with those from Eq. (7). Calcu-
lations were performed for RH values between 80% and
slightly over 100% for all of the compositions inves-
tigated in this work as well as for H2SO4. For H2SO4,
the two neglected terms in Pitzer’s model are important,
and poor agreement was found between the full and
simplified versions of F at RHs below 99%. Therefore,
the proposed simplified version of F cannot be applied
to particles composed of H2SO4. For NaCl, NH4HSO4,
(NH4)2SO4, NH4NO3, and the internally mixed solutes
examined here, Eq. (21) reproduced the values of F
from the full Pitzer model within 10% for all compounds
except NH4HSO4 and internally mixed NaCl–Na2SO4.
The worst agreement was for NH4HSO4, where F was
overpredicted by as much as 19% at an RH of 80%.
For the binary solutions examined, the simplified model
for F tended to overpredict F for RHs between 80%
and 92%. Overpredictions of F will result in under-
predictions of Scrit since the larger values of F will ef-
fectively increase the solute effect, resulting in a lower
predicted equilibrium RH for a given solution compo-
sition. The maximum errors in F corresponded to small-
er maximum errors, within 22.5%, in predicted values
of aw and RH. The maximum errors in aw and RH were
found for NH4HSO4 and (NH4)2SO4, and were due to
the relatively poorer approximation made in using Eq.
(21) to determine F. At 92% RH, the maximum errors
in aw and RH were 60.5%.

Assuming volume additivity in Eq. (4), and an using
relations for the masses of solute (ms) and water (mw)
in the droplet, the molality, m, may be written

31000r Ds p,sol
m 5 , (22)

3 3M r (D 2 D )s w drop p,sol

where rw is the density of pure water. We can define a
coefficient c as

31000Dp,sol
c 5 , (23)

3 3r (D 2 D )w drop p,sol

which can be calculated for each HTDMA (Ddrop, RH)
data pair for a known Dp,sol. The solution molality may
be rewritten in terms of c,

r csm 5 , (24)
Ms

and the ionic strength of a solution with a solute dis-
sociating into two ions may be written

1 1 r cs2 2 2I 5 m z 5 [z n 1 z n ] , (25)O i i 1 1 2 22 2 Ms

since the molality of each of the ionic species in solution
(mi) is just the solution molality (m) multiplied by the
number of ions from the dissociation of one molecule
of the solute (ni). Substituting the above expressions for
m and I into Eq. (21) we find
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TABLE 4. Values of Y 5 nrs /Ms, b0, Ya, Yb, Yc, Yf, and b0, f for solute chemical compositions examined in this work. The units of all Y
parameters are 1023 m23 and b0 is dimensionless. Values of Yf and b0, f were determined by fitting the product Yf Ff to calculated values of
the product Y F.

Solute Y b0 Ya Yb Yc Yf b0,f

NaCl
(NH4)2SO4

NH4HSO4

H2SO4

NH4NO3

NaCl–(NH4)2SO4

(NH4)2SO4–NH4NO3

NaCl–NH4NO3

NaCl–Na2SO4

74.09
40.16
30.93
56.35
43.10
49.2
41.3
54.5
62.5

0.1082
0.04763
0.04494

20.0933
20.0154

0.078
0.016
0.046
0.064

74.1
321.3
30.93

450.8
43.1

197.7
182.2
58.6

263.5

74.1
80.3
30.93

112.7
43.1
77.2
61.7
58.6
93.7

18.52
8.93
7.73

12.5
10.78
13.7
9.9

14.6
15.6

77.4
29.1
33.3
2.0

44.1
43.1
36.3
57.6
45.9

0.018
0.008
0.006

21.8
20.004

0.013
20.002

0.006
0.03

 1 r cs2 2[z n 1 z n ]1 1 2 2!2 M s

 F 5 1 2 |z z | A1 2 f

1 r cs2 21 1 b [z n 1 z n ] pit 1 1 2 2!2 Ms 

2n n b r c1 2 0 s1 . (26)
n Ms

Equations (25) and (26) are explicitly written for a solute
that dissociates into two ions in solution.

In an effort to further simplify the form for F given
by Eq. (21), we define different parameters, Yi, and
substitute them into Eq. (26). In the numerator of the
Debye–Hückel term, a parameter Ya can be defined for
a solute molecule that dissociates into two ions,

rs2 2 2Y 5 |z z | [n z 1 n z ] , (27)a 1 2 1 1 2 2 Ms

while in the denominator a parameter Yb can be defined
as

rs2 2Y 5 [n z 1 n z ] . (28)b 1 1 2 2 Ms

In the b0 term, a parameter Yc can be defined as

n n r1 2 sY 5 . (29)c n Ms

The theoretically correct values of Ya, Yb, and Yc are
shown in Table 4. Substituting the above definitions for
each of the Yi into Eq. (26), we find Eq. (30), equivalent
to Eq. (21):

A ÏY cf a
F 5 1 2 1 2Y cb . (30)c 0Ï2 1 b ÏY cpit b

The above definitions of Ya, Yb, and Yc have the com-
mon factor rs/Ms and prefactors involving ni and zi that
depend upon the chemical composition of the solute.
Furthermore, the common factor also appears in the
coefficient of F in the reference Köhler model [Eq. (9)]
through xs and Ms. We define the following unknown
variable

nrsY 5 . (31)
Ms

Values of Y are listed in Table 4. The various Yi differ
from Y by a constant that depends on the ratio of cations
to anions for a given solute. Although a single definition
of the combination of ni, zi, and rs/Ms cannot be sub-
stituted into Eq. (30) for F for the different Yi, we
substitute a single unknown Yf for each of the Yi and
assume that the retained functional dependence on rs/Ms

of the resulting parameterization is sufficient to accu-
rately model the variation of F with RH for HTDMA
conditions and to predict Scrit . This assumption is tested
below in our numerical simulations of the derivation of
Scrit. In the modified Köhler equation, the product F f Yf c
5 mFf will be substituted for the product of molality
and F. With all of the aforementioned assumptions, the
parameterized form for F becomes

1/2 1/2A c Yf f
F 5 1 2 1 2cb Y , (32)f 0, f f

1/2 1/2Ï2 1 b c Ypit f

where F f denotes the proposed simplified form for F,
and Yf and b0, f are the only unknowns and depend only
on the dry particle chemical composition. Note that in
the above equation for Ff , the parameter b0, f no longer
has the same value as Pitzer’s b0 coefficient if the single
definition of Yf is used. Although bpit , another adjustable
parameter in Pitzer’s model, would also be different in
Ff , we assume the same value used by Pitzer.

To test the validity of assuming Yf 5 Ya 5 Yb 5 Yc

in Eq. (32), we fit the product YfF f to data of YF as a
function of xs and determined best-fit values of Yf and
b0, f . The product YfFf was fit since it is this product
that appears in the relation for aw. All terms are retained
in the osmotic coefficient expression used to calculate
the product YF. The Dp,sol, Ddrop pairs were chosen for
a given solute chemical composition and F calculated
as a function of molality using the full Pitzer model.
The fits were performed for molality ranges expected
during HTDMA conditions, between approximately 1
and 6 molal. Best-fit values of Yf and b0, f are shown
in Table 4 for each solute. Except for H2SO4, Yf tends
to be close to Y, suggesting that some information about
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the chemical composition of the particle nuclei can be
inferred from the fit of YfFf to YF data.

Differences were examined between values of aw and
RH predicted using the full model for YF and those
calculated using the best-fit parameters in YfF f . The
best-fit values of Yf and b0, f shown in Table 4 were
used in Eq. (32) to calculate Ff , and the product of c,
Yf , and Ff was then used in place of the product of m
and F to calculate aw [Eq. (2)]. This value of aw was
substituted into Eq. (1) to examine how errors in aw

propagated to errors in RH. The maximum errors in aw

and RH were between 11% and 22.5%, similar to the
uncertainties in the reference model values for these
parameters. Based on these results, we accept the pro-
posed parameterization of Ff , Eq. (32), for use in the
modified Köhler model.

d. Combined assumptions of n l 5 nw, s drop 5 sw,
and F 5 Ff

In Fig. 3 we explore errors in the various parameters
when all of the aforementioned assumptions are made
simultaneously. Each chemical composition is repre-
sented by a different symbol in the figure. Results are
reported as percent error relative to the values from the
reference model for the same dry and wet particle sizes.
The errors in aw and RH are between 0% and 1% and
60.5%, respectively, for all compounds except
NH4HSO4. The errors for NH4HSO4 are relatively larg-
er due to the relatively poorer approximation made for
this compound, as discussed above. Based on the results
shown in Fig. 3, except for NH4HSO4, the modified
Köhler model is shown to correctly predict RH and aw

within reference model uncertainties (63%) and ex-
perimental uncertainties in RH (61%) during HTDMA
studies.

e. Modified form of Köhler equation

Substituting the above relation for Ff [Eq. (32)] into
Eq. (9) and incorporating the simplifications discussed
in the previous section, the Köhler equation for a droplet
containing a single, completely dissociated solute may
be written

4s Mw wRH 5 100 exp[ ]r RTDw drop

1/2 3/2A c Y2M c f fw 23 exp Y 2 1 2cb Y ,f 0, f f1 21/2 1/2[ ]1000 Ï2 1 b c Ypit f

(33)

where c is defined as

31000Dp,sol
c [ . (34)

3 3r (D 2 D )w drop p,sol

In the above equations, Mw, R, and bpit are constants;

Dp,sol, Ddrop, RH, and T are measured during HTDMA
studies; sw, rw, and Af are a function of T only; and c
is known if Dp,sol, rw, and Ddrop are known. This leaves
Yf and b0, f as the two chemical composition–dependent
unknowns that remain to be determined. By fitting Eq.
(33) to (Ddrop, RH) data pairs determined from HTDMA
studies performed on the same monodisperse dry par-
ticle size at different RHs, the two unknowns, Yf and
b0, f may be determined. Once known, the values of Yf

and b0, f may be used in Eq. (33) to find the maximum
equilibrium RH, which is Scrit .

Another, simpler Köhler model was proposed by
Weingartner et al. (1997) to fit HTDMA study results
in order to derive Scrit. It is of interest to compare the
results from their model with those from the model pro-
posed in this work. Their model took the form

a 2bNiRH 5 100 exp exp , (35)
3 3[ ] [ ]D D 2 Ddrop drop p,sol

where a was taken equal to 2.155 nm, b was set equal
to 5.712 3 1022 nm3, and the droplet and particle sizes
were in nanometers (Weingartner et al. 1997). The num-
ber of dissociated molecules in the water layer of the
droplet, Ni, was the one unknown in the model. By
comparison of Eqs. (35) and (33), Ni is defined as

p
3N [ YN D , (36)i av p,sol6

where Nav is Avogadro’s number and Y is defined by
Eq. (31). Implicit in the form of Eq. (36) is the as-
sumption that F is constant and does not vary with RH,
whereas the variation of F with RH is built into the
modified Köhler model proposed in this work [Eq. (33)].
Below, we compare theoretical values of Scrit predicted
by the reference Köhler model to values of Scrit derived
by fitting Eqs. (33) and (35) to (Ddrop, RH) data pairs
representing hypothetical HTDMA study results.

6. Estimating Scrit using simulated HTDMA data

For the numerical sensitivity studies, a dry particle
size and composition were chosen. The reference Köhler
model was used to calculate the theoretical equilibrium
RH for assumed droplet sizes. The (Ddrop, RH) data pairs
and the assumed dry particle size were used in a non-
linear, least squares fit routine to derive values of Yf and
b0, f in Eq. (33) and Ni in Eq. (35). Two input data pairs
were insufficient to capture the curvature of the Köher
curve. Ten pairs were used for each of the sensitivity
studies described below. Trial and error sensitivity stud-
ies on the minimum number of input data pairs required
to maintain acceptable error in derived values of Scrit

from Eq. (33) showed that 3 input data pairs equally
spaced between 80% and 92% RH produced the same
error in Scrit as 10 data pairs over the same RH range.

Four different cases were investigated. First, we de-
termined Yf and b0, f from a fit of Eq. (33) with perfect
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input values for Dp,sol, Ddrop, and RH. Second, we ver-
ified that the results from the fit routine were not sen-
sitive to the initial guess for Yf and b0, f . Third, we
determined the sensitivities of the derived values for Yf

and b0, f to assumed 60.5% random errors in RH, Ddrop,
and Dp,sol. Fourth, we examined the sensitivity of de-
rived values of the unknowns to 61% random error in
RH, dry particle size, and droplet size. The random
errors in the three input parameters were applied si-
multaneously, and the values chosen were guided by
expected experimental error. As discussed in Part II, the
observed, average experimental uncertainty in RH dur-
ing laboratory HTDMA studies was 0.7% 60.2%, there-
fore, the 0.5%–1% range of applied random RH error
is relevant for investigating the influence of RH uncer-
tainties on fit routine results. The model of Weingartner
et al. (1997) and that proposed in this work were run
simultaneously only for the fourth case, and dry particle
sizes of 40 and 100 nm were examined. For studies on
internally mixed particles, only the cases described
above with perfect input and with assumed 61% ran-
dom uncertainties applied to all input data were inves-
tigated. These uncertainties were chosen to reflect those
expected in experimental data. Rader and McMurry
(1986) have studied the sizing errors in the TDMA.
They determined that the error in the measured midpoint
diameter in the second DMA was 0.11% 6 0.06% for
particle diameters less than 200 nm. For flow uncer-
tainties in the HTDMA measurement system, the esti-
mated experimental uncertainty in particle sizing is be-
tween 0.2% and 1%.

A single case study of the effect that a single set of
applied random errors has on values of Yf , b0, f , and Scrit

from the fit procedure would be less representative of
the average influence of experimental uncertainties than
averaging the results from several cases of assumed ran-
dom errors. Therefore, 100 cases were run on the same
input Dp,sol, Ddrop, and RH data for each assumed range
of random errors in order to obtain a statistically sig-
nificant estimate of the influence of uncertainties on the
derived values of Yf and b0, f .

Results from our numerical simulations are shown
in Table 5 for dry diameters of 40 and 100 nm. The
values of Yf and b 0, f in Table 5 for the cases of perfect
input, are close to, but not exactly the same as values
in Table 4. The reason for this is that the values in
Table 4 were determined by fitting the product of YfF f

to values of YF as described above, whereas the values
in Table 5 were determined by fitting the modified
Köhler model to (Ddrop , RH) data pairs calculated using
the reference model. The values of Yf and b 0, f shown
in the table for cases where errors were applied are
obtained by averaging the results from the 100 different
cases of applied error. Ratios of the standard deviation
computed from the 100 different cases to the average
values of Yf , b 0, f , and Scrit were less than 0.2, 1.3, and
0.16, respectively. The small standard deviations for
Yf and Scrit indicate that the fit routine is quite stable.

The relatively larger value for b 0, f is due to the lower
sensitivity of the goodness of fit to the value of this
parameter compared to Yf . Tests of the sensitivity of
the fit routine to assumed initial conditions showed it
to be insensitive, therefore, we report results from these
cases for NaCl only. For the cases with Dp,sol 5 100
nm, there were no significant differences between re-
sults where 60.5% and 61% random errors were ap-
plied; therefore, only results for cases with 61% errors
are shown.

Values of the critical droplet diameter (Dcrit) are
shown in Tables 5 and 6 for the single and mixed solutes
examined. The results demonstrate that the fit routine
derived values of Yf and b0, f return values of Dcrit that
agree with theoretical values within 210% and 12%
when used in the modified Köhler model. Also shown
in the tables is the x2 convergence value of the fit in
units of RH. In general, the x2 values are smaller than
0.5%; however, for NH4NO3 the values for the case with
perfect input data are larger. This is most likely due to
the poorer approximations made by assuming volume
additivity (xs, Fig. 3) and s drop 5 sw (Fig. 1) for
NH4NO3 compared to other solutes.

The percent errors in derived values of Scrit are listed
in Table 5 for the five different single solute compo-
sitions examined and in Table 6 for the mixed solutes
examined. For comparison, values of Scrit from the ref-
erence Köhler model are listed in Table 3 for the various
dry particle sizes and chemical compositions examined.
Results of the fit routine using the modified Köhler mod-
el of this work and applied error have been plotted as
solid dots in Fig. 4, with the solid line designating the
1:1 line. The results from the model of Weingartner et
al. (1997) with applied error are shown as squares in
the figure and are discussed below. The plus symbols
designate results where no errors were applied to the
input data. Results from the model of this work and an
assumed 40-nm-diameter particle have been labeled in
Fig. 4 with the corresponding chemical composition for
particles composed of single solutes. Results from the
model with internally mixed solutes are not labeled in
Fig. 4. As can be seen from the figure, the agreement
between theoretical and predicted values of Scrit is very
good. Also, the results for the cases where no errors
were applied are similar to those with error. Therefore,
the assumed uncertainties in the input data do not ad-
versely affect the ability of the fit routine and modified
Köhler model to predict accurate values of Scrit . The
errors in predicted values of Scrit are between 220% and
115%, similar to the uncertainties in experimental es-
timates of Scrit determined from CCN studies on known
particles (20.6%, 1s 5 11%, n 5 16; Brechtel and
Kreidenweis 2000). For comparison, the supersatura-
tions in a typical stratocumulus cloud can vary between
0.1% and 1% (Rogers and Yau 1989). Although cloud
supersaturations cannot be measured directly, Yum et
al. (1998) have estimated supersaturations and standard
deviations of supersaturations for stratocumulus clouds



1868 VOLUME 57J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S

TABLE 5. Sensitivity of fit routine results as a function of particle composition, initial guess and assumed Dp,sol, RH and Ddrop errors for
40- and 100-nm dry particle diameters and indicated compositions. Ratios of the standard deviation computed from the 100 different cases
of applied error to the average values of Yf, b0, f , and Scrit were always less than 0.2, 1.3, and 0.16, respectively. Input RHs were calculated
using the reference model. The simplified Köhler model was run with initial conditions equal to five times the perfect initial conditions for
the cases including assumed uncertainties.

Case
Dp,sol

(nm) Yf b0,f

Scrit

(%)
Error
(%)

Dcrit

(nm)
Error
(%) x2

Sodium Chloride
Perfect input
5 3 ICs
0.5% error
1% error
Perfect input
1% error

40
40
40
40

100
100

81.653
81.653
80.944
78.504
80.098
78.349

0.01488
0.01488
0.01532
0.01754
0.01598
0.01838

0.43
0.43
0.43
0.43
0.11
0.11

210
210
210
29
29
28

315
315
316
313

1265
1251

21
21
21
22
21
22

5.22 3 1021

5.22 3 1021

3.67 3 1022

3.90 3 1021

7.14 3 1021

3.63 3 1021

Ammonium Sulfate
Perfect input
0.5% error
1% error
Perfect input
1% error

40
40
40

100
100

28.723
28.549
28.367
28.295
26.889

0.01023
0.01059
0.01086
0.01093
0.01374

0.65
0.65
0.65
0.16
0.17

28
27
27
25
22

208
208
206
839
816

0
0

21
24
27

2.84 3 1021

4.02 3 1022

4.88 3 1021

2.66 3 1021

3.62 3 1021

Ammonium Bisulfate
Perfect input
0.5% error
1% error
Perfect input
1% error

40
40
40

100
100

35.801
35.653
34.939
34.784
32.987

0.00064
0.00068
0.00099
0.00158
0.00307

0.58
0.58
0.59
0.15
0.15

220
220
219
220
219

232
231
229
929
918

10
10

9
12
10

7.48 3 1023

3.70 3 1022

3.75 3 1021

1.09 3 1023

3.84 3 1021

Sulfuric Acid
Perfect input
0.5% error
1% error
Perfect input
1% error

40
40
40

100
100

37.340
36.843
33.323
35.986
34.050

0.05529
0.05864
0.08634
0.06038
0.08118

0.56
0.56
0.59
0.14
0.15

27
26
21

0
1

243
241
232
951
934

1
0

22
28

210

8.14 3 1021

9.18 3 1022

3.82 3 1021

1.46
3.80 3 1021

Ammonium Nitrate
Perfect input
0.5% error
1% error
Perfect input
1% error

40
40
40

100
100

44.386
44.201
42.899
44.073
42.812

20.00418
20.00419
20.00415
20.00388
20.00377

0.52
0.52
0.53
0.13
0.13

22
22

0
22
22

258
258
252

1047
1045

1
1
0
1
1

4.25
1.91 3 1022

3.31 3 1021

1.44
3.36 3 1021

from measurements of CCN spectra, cloud droplet spec-
tra, and other parameters. The results of Yum et al.
(1998) showed that predicted standard deviations in su-
persaturations were between 40% and 100% of the pre-
dicted supersaturations. The reported standard devia-
tions may be representative of the variability in super-
saturations in clouds, and we note that the modified
Köhler model of this work can predict values of Scrit

with lower uncertainty.
In Fig. 4, the Scrit values from the modified Köhler

model of this work for particles composed of single
solutes are typically underpredicted by the fit routine.
This is caused by the systematic underprediction of the
Kelvin term due to the assumption that the surface ten-
sion of the solution is equal to that for pure water and
by the overprediction of F by the assumed simplified
form, F f . The average agreement between predicted and
theoretical values of Scrit for all compounds listed in
Tables 5 and 6 is 27.5% (1s 5 10%, n 5 9). A sur-
prising result in Table 5 is the relatively good agreement
between predicted and theoretical values of Scrit for

H2SO4, especially given the poor agreement between
values of F from the full Pitzer model and values cal-
culated using the simplified model of F. The values of
Yf and b0, f in Table 5 are significantly different from
the values of Y and b0 and the values of Yf and b0, f in
Table 4. Even though the parameterization for F does
not accurately reproduce the actual behavior of F for
H2SO4, for this compound fit parameters could be de-
rived that allowed the modified Köhler model to ac-
curately reproduce the droplet growth with increasing
RH as well as values of Scrit. The results in Fig. 4 dem-
onstrate that for a single dry particle size, the various
compositions examined correspond to about a factor of
2 change in Scrit. Therefore, particle chemical compo-
sition plays an important role in determining critical
supersaturation.

The largest errors in predicted values of Scrit are found
for NH4HSO4 and internally mixed NaCl–Na2SO4. This
is not surprising for at least three reasons. First, it is
possible that the modified Köhler model is less capable
of capturing the hygroscopic behavior of certain particle
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TABLE 6. Sensitivity of fit routine results as a function of particle composition, and assumed Dp,sol, RH, and Ddrop errors for 40- and 100-
nm dry particle diameters and indicated equimolar mixtures of solutes. Ratios of the standard deviation computed from the 100 different
cases of applied error to the average values of Yf, b0, f , and Scrit were always less than 0.2, 1.3, and 0.16, respectively. The input RHs used
in the fit routine were calculated using the reference model. The simplified Köhler model was run with initial conditions equal to the perfect
initial conditions for the cases including assumed uncertainties.

Case
Dp,sol

(nm) Yf b0,f

Scrit

(%)
Error
(%)

Dcrit

(nm)
Error
(%) x2

Sodium Chloride–Ammonium Sulfate
Perfect input
With 1% error
Perfect input
With 1% error

40
40

100
100

43.140
40.835
42.096
40.336

0.01317
0.01727
0.01456
0.01719

0.74
0.76
0.19
0.19

4
7
5
6

183
177
728
718

10
6
0

21

0.589
0.376
0.691
0.337

Ammonium Sulfate–Ammonium Nitrate
Perfect input
With 1% error
Perfect input
With 1% error

40
40

100
100

36.247
34.850
35.611
33.536

20.00233
20.00169
20.00183
20.00043

0.81
0.83
0.20
0.21

3
6
4
6

166
162
670
654

12
10

1
21

0.148
0.301
0.119
0.279

Sodium Chloride–Ammonium Nitrate
Perfect input
With 1% error
Perfect input
With 1% error

40
40

100
100

57.578
55.991
56.508
54.910

0.00625
0.00734
0.00717
0.00823

0.64
0.64
0.16
0.16

0
0

21
21

210
210
848
845

12
12

5
5

0.107
0.336
0.171
0.302

Sodium Chloride–Sodium Sulfate
Perfect input
With 1% error
Perfect input
With 1% error

40
40

100
100

45.869
45.040
46.140
44.288

0.03092
0.03302
0.02974
0.03403

0.71
0.72
0.18
0.18

13
15
13
15

190
188
766
758

0
21
28
29

1.52
0.379
1.01
0.432

FIG. 4. Values of Scrit from proposed Köhler model and fit routine
vs theoretical values of Scrit for 40- and 10-nm-diameter particles and
all chemical compositions examined in this work. Solid dots represent
results from Köhler model of this work with applied error and squares
represent results from model of Weingartner et al. (1997) with applied
error. Solid line is 1:1 line. Plus symbols represent results with no
applied errors to the input data. Results for 40-nm internally mixed
solutes are not labeled.

chemical compositions compared to others. Second, the
full Pitzer model of F is less accurate for NH4HSO4

(Kim et al. 1993). Third, (other than H2SO4) NH4HSO4

and internally mixed NaCl–Na2SO4 compositions ex-
hibited the poorest agreement between values of F from
the full Pitzer model and values calculated using the
simplified model of F. The underprediction of F by the
simpler model for internally mixed NaCl–Na2SO4 re-
sults in an overprediction of Scrit .

Comparison of results from different Köhler models

The same numerical sensitivity studies conducted
with the modified Köhler model proposed here were
performed on the model proposed by Weingartner et al.
(1997). Results from their model are shown in Fig. 4
as squares and demonstrate reasonable agreement with
theory. For 40-nm particles, the average agreement be-
tween predicted values of Scrit and theoretical values was
22.6% (1s 5 16%, n 5 9) for the model of Weingartner
et al. and 21.1% (1s 5 10%, n 5 9) for the model of
this work. Results for 100-nm particles were similar.
The model of Weingartner et al. performs most poorly
for solution droplets formed on particles composed of
NH4NO3, H2SO4, and internally mixed (NH4)2SO4–
NH4NO3. Errors in Scrit were between 18% and 26% for
these compounds. The osmotic coefficient varies more
strongly with RH for NH4NO3 and H2SO4, and exhibits
a value far from unity (ø0.6) for NH4NO3, H2SO4, and
(NH4)2SO4–NH4NO3 over the RH range typical of
HTDMA experiments. The other compounds studied
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here exhibit osmotic coefficient values that are closer
to unity and do not vary as much as those for solutions
containing NH4NO3 and (NH4)2SO4–NH4NO3. There-
fore, the simpler model of Weingartner et al. is a rea-
sonable approach for solutions with osmotic coefficients
that do not vary significantly over the range of RHs for
HTDMA studies and that are not significantly different
from the value of F for solution droplets at their critical
size (at Scrit). This model would predict less accurate
values of Scrit for droplet solutions of unknown chemical
composition where the above conditions may not exist.
Although the model proposed in this work also has lim-
itations, the inclusion of an additional adjustable pa-
rameter expands its range of applicability.

7. Conclusions

A technique for using hygroscopic growth measure-
ments at RHs below 100% to derive the critical super-
saturation required to activate a particle to a cloud drop-
let has been described. A modified Köhler model is
derived, including a parameterization for the solution
osmotic coefficient that approaches the correct ther-
modynamic limit as the solution becomes more dilute.
The method involves fitting the proposed Köhler model
to (Ddrop, RH) data pairs obtained from HTDMA studies
on a single dry particle size. Chemical composition–
dependent unknowns, Yf and b0, f , derived from the fit
procedure are used to calculated Scrit . The various as-
sumptions made in the modified Köhler model, volume
additivity, solution surface tension set equal to the sur-
face tension of pure water, and a simplified parameter-
ization for F, were independently tested for the range
of RH values experienced in the HTDMA by comparing
values of xs, F, aw, the Kelvin term, and RH from the
modified and reference models. These comparisons
showed that the errors in RH values calculated from the
modified model were similar to uncertainties in the ref-
erence model values themselves and to typical errors in
experimental RH for NaCl, NH4NO3, (NH4)2SO4, and
several internally mixed particle compositions. For
NH4HSO4, the RH values from the reference and mod-
ified models did not agree as well because the neglected
terms in F are important for this compound and the full
Pitzer model itself does not accurately reproduce the
behavior of F for NH4HSO4 at higher solution molal-
ities (Kim et al. 1993). The proposed parameterization
for F was also tested for particles composed of H2SO4.
It was found that the parameterization could not accu-
rately reproduce the variation of F with m for aqueous
solutions containing H2SO4.

The technique was studied numerically in order to
validate that Scrit could be derived within experimental
uncertainties. The sensitivity of the predicted values of
Scrit to assumed uncertainties in the input parameters was
investigated as a function of dry particle chemical com-
position and size. The method is effective at predicting
values of Scrit for 4- and 100-nm-diameter particles com-

posed of NaCl, (NH 4 ) 2SO 4 , NH 4HSO 4 , H 2SO 4 ,
NH4NO3, and for the interally mixed compositions ex-
amined. Comparisons between values of Scrit predicted
by the Köhler model proposed in this work and the
simpler model proposed by Weingartner et al. (1997)
indicated that both models produced results that agreed
well with theoretical values of Scrit , except for com-
pounds where the osmotic coefficient varied signifi-
cantly from its value at Scrit . In those cases, the model
proposed in this work predicted Scrit more accurately.
Numerical sensitivity studies showed that values of Scrit

can be predicted within 27.5% 6 10% using the pro-
posed technique, similar to observed experimental un-
certainties in Scrit determined from laboratory CCN stud-
ies discussed in Part II (Brechtel and Kreidenweis 2000).
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